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ABSTRACT
Synthetic and biological polymeric materials are ubiquitous in nature and modern technol-
ogy. The emergent properties afforded by these materials allows for wide a array of appli-
cations as found in adhesives, coatings, and synthetic polymers for plastics. Importantly,
the molecular properties of polymeric systems ultimately determine their bulk macroscopic
response and behavior in equilibrium and highly nonequilibrium conditions. As a result, the
field of single polymer rheology can play a key role in establishing a molecular level under-
standing of polymeric systems by investigating the dynamics of single chains. Single polymer
rheology is now a well-established approach to study polymer dynamics from experimental
and computational perspectives. In general, this approach allows for the determination of
molecular subpopulations, relaxation, and polymer chain dynamics in a wide variety of flows.
Despite recent progress, current methods in single polymer rheology do not allow for the
determination of equilibrium and nonequilibrium thermodynamic properties of polymeric
systems. Moreover, it is challenging to connect backbone dynamics to key macroscopic
rheological phenomena. In this context, the impact of single polymer rheology has remained
limited for the past two decades. In this thesis, we address these challenges by developing
and applying fluctuation theorems and nonequilibrium work relations to the field of single
polymer rheology.
The discovery of thermodynamic identities known as nonequilibrium work relations (NWRs)
and fluctuation theorems (FTs) has catalyzed recent advances in statistical mechanics. In
general, work relations provide an unprecedented route to extract fundamental materials
properties of equilibrium and nonequilibrium systems. Furthermore, these identities have
uncovered a broad range of unexpected and remarkable thermodynamic phenomena, in-
cluding molecular level violations to the second law of thermodynamics. In the context of
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rheology and fluid mechanics, thermodynamics plays a key role in the understanding and
design of a wide array of processes, including flow-induced phase separation and crystalliza-
tion. As a result, there is a strong need for new methods to analyze the dynamics of complex
fluids. In this thesis, we apply the Jarzynski/Hatano/Sasa equality and Crooks fluctuation
theorem to determine equilibrium and nonequilibrium properties of polymer solutions in
fluid flow. In particular, we use a combination of single molecule polymer experiments and
computer simulations to probe the application of these NWRs to polymer dynamics in shear
and extensional flows. Using this approach, we determine the equilibrium linear and nonlin-
ear elasticity, the nonequilibrium free energies, and entropies of flowing polymer solutions.
Interestingly, we also find that fundamental thermodynamic quantities are related to well
known rheological functions such as the longest polymer relaxation time, viscosity, and stress.
Overall, NWRs appear to provide a simple and distinct framework that connects thermo-
dynamics and rheology, and this work opens new directions in an emerging field known as
“thermo-rheology”.
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CHAPTER 1
INTRODUCTION
Polymeric materials drive many technological and biological applications. The chemical
properties, conformation, and dynamics of polymers in equilibrium and nonequilibrium states
determine their function in applications such as coatings, adhesives, and synthetic materials
for plastics [1]. A primary goal of rheology1 is to develop a macroscopic level understand-
ing of the behavior polymeric systems. Over several decades, bulk-level measurements have
improved our understanding of polymeric materials under a wide variety of flows. In recent
years, experiments relying on single molecule dynamics have revealed a wealth of rich physics
in polymeric systems. In addition, recent advances in microscale and nanoscale technological
applications, have created a general need for development of a molecular-level understanding
of polymeric systems. Therefore, molecular-level studies of flexible polymers are critical to
understanding fundamental material properties and are essential to enable new applications.
Importantly, it is crucial to develop a framework that allows for the determination of equilib-
rium and nonequilibrium thermodynamic properties of flexible polymers on the microscopic
level. A thermodynamic framework for single molecule polymer dynamics will enable the
development of “first-principles” design and optimization methods that may improve indus-
trial processes as encountered in flow-induced phase separations. Using work relations and
fluctuation theorems, our work aims to extend our understanding in the field of polymer
dynamics and thermodynamics.
1Rheology refers to the study of flowing matter
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1.1 Flexible chain dynamics
1.1.1 Single molecule studies of chain dynamics
Over the last several years, double stranded DNA (dsDNA) has served as a model system for
single molecule polymer dynamics. Single polymer studies of dsDNA have been used to probe
the equilibrium and nonequilibrium dynamics of polymer chains in solution [2]. In particular,
λ-DNA has been extensively used to study chain dynamics using fluorescence microscopy,
and experimental results have been complemented by Brownian dynamics simulation. Sin-
gle molecule polymer studies enable direct and real-time observation of polymer backbone
dynamics and allow for characterization of molecular subpopulations. Using this approach,
a wide range of polymer dynamical phenomena has been studied using fluorescently-labeled
λ-DNA as a model system, including polymer relaxation [3], stretching in uniform flow [4],
scaling of diffusion coefficients [5], dynamics in extensional [6, 7] and shear flow [8], polymer
conformation hysteresis [9], and more recently, polymer dynamics in confined geometries
[10, 11] and concentrated polymer solutions [12, 13]. In addition, single polymer observation
has been used to uncover the existence of variable stretching pathways and distinct molecular
conformations for polymers unraveling in flow termed “molecular individualism”[14].
Overall, dsDNA is a convenient model system for studying polymer dynamics. Exper-
imentally, sample preparation and fluorescent labeling of dsDNA are straightforward and
monodisperse samples of λ-DNA are available, which simplifies data analysis. In addition,
dsDNA is an aqueous-based polymer system that can be studied using optically-pure bio-
logical buffers, thereby facilitating fluorescence imaging.
Due to the double helix structure, dsDNA is a semiflexible polymer chain with a relatively
rigid backbone. However, the vast majority of synthetic organic polymer chains are flexible
polymers with a single carbon-carbon bond forming chain linkages along the backbone of the
macromolecule. Clearly, the local physical and chemical properties of dsDNA are distinct
from common organic polymer chains. We recently highlighted the implications of these
marked differences in chain flexibility and monomer aspect ratio on nonequilibrium dynamics
and chain elasticity [15].
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In his classic text on polymer physics [16], de Gennes develops universal scaling laws for
polymer chains. Scaling relations are developed using a global view of polymers such that
physical phenomena depend on global properties, such as chain length or concentration, but
are independent of local chemical details, such as chemical identity, structure of side groups
or bond rotations. Although the de Gennes scaling laws are universal, they are developed
within the context of a flexible “model” polymer chain.
1.1.2 Flexibility
What determines chain flexibility? Local flexibility is determined by the molecular structure
and chemical composition of a polymer chain [16, 17]. Consider a hydrocarbon chain from
a local view as shown in Figure 1.1. Chain flexibility arises due to bond rotations about the
torsion angles ϕ, whereas the tetrahedral angle θ between carbon bonds is nearly fixed at a
constant value. Chain conformation energy depends on the torsion angle ϕ with three energy
minima corresponding to a trans state (0o) and two gauche states (±120o); in general, the
trans state is the lowest energy conformation such that the carbon-carbon backbone lies in
a plane (Figure 1.1b).
Static flexibility is defined by the energy difference between trans (t) and gauche (g) states
∆, and for small values of the t-g energy difference ∆ ≈ kT , the trans and gauche states
are equally preferred at thermal equilibrium. For example, polyethylene is extremely flexible
in the static sense such that ∆ ≈ 0.8kT . As ∆ increases, the trans state is preferred and
the chain becomes increasingly rigid [16]. Dynamic flexibility is determined by the energy
barrier ∆E between trans and gauche states, and for small values of the energy barrier
∆E ≈ kT , a chain is considered dynamically flexible, rapidly exploring many conformations
without being “frozen” in a narrow subset of conformation space.
Flexibility mechanisms are fundamentally different for hydrocarbon chains and stiff poly-
mers such as dsDNA. Global chain conformation and local molecular structure for a hydro-
carbon chain and dsDNA is shown in Figure 1.2.
Due to the double helix structure, double stranded DNA is semiflexible and exhibits a
uniform flexibility across the entire polymer backbone, which arises due to backbone contour
3
Figure 1.1: Local flexibility is determined by molecular structure. (a) Bond torsion and
tetrahedral angles. (b) Polymer chain conformation energy.
Figure 1.2: Global chain conformations and local chemical composition for a flexible
hydrocarbon chain and dsDNA.
4
fluctuations [17] rather than torsion bond angle rotations in flexible chains. Semiflexible
polymers are described by the Kratky-Porod or worm-like chain model which is derived in
the limit of small tetrahedral angles (θ → 0) using a freely rotating chain model, thereby
incorporating stiffness along the backbone. In this manner, a persistence length lp may be
defined such that [18]:
lp ≡
〈
1
l
l1 ·R
〉
(1.1)
where l is the bond length, l1 is the vector along the first bond and R is the end-to-end
vector. The persistence length is a measure of local flexibility and represents the distance
along the backbone that must be traveled at which bond vectors become uncorrelated.
Double stranded DNA is locally stiff with a persistence length lp ≈ 53 nm. In contrast,
polyethylene is locally flexible with lp ≈ 0.57 nm [19], two orders of magnitude smaller
than lp for dsDNA. For flexible chains with torsion bond angles, the persistence length is a
sensitive function of ∆ such that lp increases rapidly with increasing ∆.
1.1.3 Global flexibilty: implications for dynamics
De Gennes noted that scaling theories assume static and dynamic flexibility of polymer chains
“in the strongest form” [16]. Does this imply that scaling theories do not hold for semiflexible
chains such as dsDNA? The answer is: not necessarily, and as for most questions in polymer
science, depends on relative length scales. In the limit of a small persistence length lp relative
to the contour length L such that lp  L, the chain will appear flexible over intermediate
length scales larger than lp. Global flexibility may be defined as the number of persistence
lengths in a chain:
L
lp
∼ N (1.2)
and the parameter scales as the number of statistical steps N . In general, chains with
N > 100 are considered globally flexible. Lambda DNA (L ≈ 16.3 µm, 48502 bp) con-
tains approximately 310 persistence lengths and is indeed considered to be globally flexible.
However, the global flexibility argument does not preclude the possibility that local chain
flexibility gives rise to distinct dynamics for flexible polymer chains due to excluded volume
5
Figure 1.3: Polymer chain with (a) symmetric and (b) asymmetric monomers.
effects or intra-chain hydrodynamic interactions, both of which depend on local backbone
chemistry.
1.1.4 Monomer aspect ratio
Monomer aspect ratio is a key parameter describing the local asymmetry of the polymer
backbone and plays an important role in equilibrium and dynamic chain properties (Figure
1.3).
The aspect ratio of a Kuhn monomer a is defined as the ratio of the Kuhn step size b to
the chain diameter d:
a =
b
d
(1.3)
In the case of spherical (symmetric) monomers with b ≈ d in athermal solvents, the excluded
volume v is modeled as a sphere such that vs ≈ d3 ≈ b3. For polymers with cylindrical
(asymmetric) monomers, the occupied volume of a cylindrical monomer is vo ≈ bd2 and the
excluded volume is vc ≈ b2d, which is derived from a renormalization of the chain free energy
density using a virial expansion[17]. Therefore, the ratio of excluded to occupied volume for
a cylindrical monomer is the monomer aspect ratio:
vc
vo
= a (1.4)
Monomer aspect ratio is a local chain property that depends on chemical structure of a
polymer chain. Typical flexible chains have aspect ratios a ≈ 2-3, suggesting that the Kuhn
step size is only a factor of 2 larger than the chain diameter for synthetic organic polymers.
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Molecular parameters for model polymer chains including dsDNA are shown in Table 1.1.2
Table 1.1: Molecular parameters for common model polymer chains
Parameter dsDNA polystyrene ssDNA
Aspect ratio of Kuhn segment, a 66 2 1.2
Kuhn step size, b (nm) 132 1.5 1.2
Molecular diameter, d (nm) 2.0 0.8 1.0
Thermal blob size, ξT (nm) 8700 3.0 1.5
The physical properties of dsDNA differ markedly from flexible polymer chains in many
respects. Strikingly, the aspect ratio of a Kuhn segment for dsDNA is ≈ 66, a factor of 55
and 33 larger than the monomer aspect ratios of ssDNA and polystyrene, respectively.
Monomer aspect ratio affects the properties of polymer chains in several ways. The swelling
ratio of a polymer chain at equilibrium is defined as the ratio of the Flory chain size RF to
the size of an equivalent ideal chain Ro:
RF
Ro
≈
( v
b3
√
N
)1/5
≈ z1/5 (1.5)
A chain interaction parameter z may be defined such that:
z =
v
b3
√
N =
√
N
a
. (1.6)
where the second equality results for asymmetric monomers with v = vc. Excluded vol-
ume interactions swell chains for z > 1. High aspect ratio monomers (a >
√
N) suppress
monomer-monomer interactions along the polymer chain backbone, thereby resulting in ideal
chain conformations. The chain interaction parameter for λ-DNA (N ≈ 150) is z ≈ 0.2, sug-
gesting that the chain conformation for λ-DNA at equilibrium is nearly ideal. However, the
chain interaction parameter for a long flexible polymer (N = 104) with symmetric monomers
is z ≈ 50 for polystyrene and z ≈ 80 for ssDNA, suggesting dominant monomer-monomer
interactions, thereby resulting in swollen chains at equilibrium and real chain behavior.
2Parameters for dsDNA are given for DNA stained with intercalating dye YOYO-1 at an approximate
dye:bp ratio of 1:4, commonly used in single polymer dynamics studies. The bare persistence length of
ssDNA without electrostatic contributions is given.
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What are the implications of asymmetric monomers and ideal chain behavior on dynam-
ics? High aspect ratio Kuhn segments effectively suppress monomer-monomer interactions,
whereas dominant monomer interactions introduce non-linearities in polymer chain behavior,
such as broadening of the relaxation time spectrum away from a simple mode picture [16].
Furthermore, dsDNA exhibits a relatively “open coil”, as the ratio of excluded to occupied
volume per monomer is equal to the monomer aspect ratio vc/vo = a. From Flory theory,
the number of monomer-monomer contacts per chain is estimated to be:
vN2
R3F
≈
(
v2N
b6
)1/5
≈
(
N
a2
)1/5
(1.7)
As the monomer aspect ratio increases, the number of chain contacts decreases, which causes
a concomitant increase in the average distance for contact per monomer. Therefore, polymer
chains with large aspect ratio monomers exhibit increasingly free-draining coils compared to
polymers with symmetric monomers. Free-draining polymer coils serve to hydrodynamically
unshield a polymer coil and suppress intramolecular hydrodynamic interactions in the coiled
state.
1.1.5 Summary
A far reaching consequence of chain flexibility and monomer aspect ratio is the equilibrium
low-force and high-force elasticity of polymers, which is of great interest in polymer dynamics.
For example, a low-force nonlinear elasticity has been recently observed for ssDNA [20] and
polyethylene glycol (PEG) [21] using a magnetic tweezer assay for force spectroscopy. In
the context of elasticity, nonequilibrium work relations can play a key role in determining
the equilibrium force-extension behavior and nonequilibirum force-flow behavior of polymer
solutions. In this thesis, we provide and demonstrate a framework for flexible polymer
dynamics that allows for the determination of chain properties using Brownian dynamics
simulations or single molecule experiments.
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1.2 Nonequilibrium work relations & polymer dynamics
The materials properties of polymer chains such as elasticity are important for understand-
ing polymer chain dynamics. In recent years, the properties of polymeric materials have
been studied using single molecule techniques such as atomic force microscopy, optical trap-
ping and magnetic tweezers [20, 21, 22]. Single molecule force spectroscopy allows for direct
determination of the elastic force-extension relationships for single proteins or polymers by
applying external forces to surface-tethered macromolecules. However, these high-precision
approaches require complex instrumentation and generally involve ‘static’ measurements that
are performed in the absence of fluid flow. Alternatively, hydrodynamic flow can stretch and
orient polymer chains far from equilibrium [23], and small-scale fluid flows are easily gen-
erated in microfluidic devices [24]. Determining materials properties from nonequilibrium
polymer dynamics in flow is challenging because hydrodynamic flow results in an energet-
ically dissipative process, which complicates free energy calculations. Modern advances in
statistical mechanics via the nonequilibrium work relations have enabled determination of
free energy from nonequilibrium quantities such as work and heat [25, 26, 27, 28]. In par-
ticular, the Jarzynski equality (JE) [25] is a relation that employs work distributions from a
given process to compute the free energy change between the states induced by the process.
Recently, we developed a general framework to apply the JE to complex fluids dynamics,
which enabled the determination of polymer elasticity by direct observation of molecular
stretching trajectories in flow [29]. The application of this nonequilibrium work relation to
rheology demonstrates the practical significance of making such connections by extracting
chain elasticity. Other relations have also been applied, for example, Crooks fluctuation
theorem was verified for polymer chains modeled as Hookean dumbbells in extensional flow
[30]. In this way, the test of Crooks relation provides further basis for the generalization of
nonequilibrium work relations to polymer dynamics.
With this in mind, this thesis has focused on developing a new framework to apply nonequi-
librium work relations to various aspects of polymer dynamics. We have considered synthetic
and organic polymers, and performed our investigations with freely draining chains. We have
extended this work by considering intramolecular hydrodynamic interactions, which become
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important for flexible and long polymers 2. We have also related work relations to well
known rheological quantities such as stress, and thereby providing a first demonstration of
applying such relations to bulk rheological quantities.
1.3 Thesis overview
The outline of this thesis can be summarized as follows. Chapter 2 briefly presents the meth-
ods used in this thesis. In particular, Chapter 2 describes Brownian dynamics simulations
methods for bead-spring and bead-rod models for polymer rheology. In addition, Chapter
2 briefly describes the experimental methods typically employed for single polymer studies
with dsDNA. Chapter 3 presents a new framework that allows for the determination of single
polymer equilibrium elasticity from nonequilibrium polymer measurements in hydrodynamic
flows. In addition, Chapter 3 also connects the Jarzynski work to bulk rheological functions.
Chapter 4 extends the work in Chapter 3 to more general flows that include vorticity and
intramolecular hydrodynamic interactions. Chapter 5 presents and demonstrates a frame-
work based on a generalized Jarzynski equality for single polymer rheology. This framework
allows for the determination of nonequilibrium thermodynamic quantities such as entropy,
Helmholtz free energy, and effective free energy from measurable quantities like work. Chap-
ter 6 utilizes a generalized Crooks fluctuation theorem for the nonequilibrium free energy
recovery in hydrodynamic flows. In Chapter 7, we provide the concluding remarks of the
thesis, and offer potential future research directions based on this work.
2Here, we refer to highly “extensible” chains such that L Rg.
10
CHAPTER 2
BROWNIAN DYNAMICS SIMULATIONS AND
SINGLE MOLECULE EXPERIMENTS
The single molecule approach to rheology provides a molecular level understanding of the
behavior of polymeric solutions and melts. In this approach, the properties of individual
polymer molecules are studied using computer simulations or single molecule experiments.
In general, simulations include Monte-Carlo calculations that allow for the determination of
steady-state properties, and Brownian dynamics simulations that allow for the determination
of both transient and steady-state properties. In addition, single molecule experiments
allow for the direct visualization of the internal microstructure and backbone dynamics of
fluorescently labeled polymer molecules under equilibrium and nonequilibrium conditions. In
this thesis, we use a combination of Brownian dynamics (BD) simulations and single molecule
experiments to investigate the equilibrium and nonequilibrium thermodynamic properties of
dilute polymer solutions. In this chapter, the methods of BD simulations and single polymer
experiments are briefly presented.
2.1 BD simulations: Bead-Spring Model
Polymers are modeled using a coarse-grained description of macromolecules, where chains
are given by a series of Nb beads connected by massless springs. Beads serve as contact
points with the fluid or centers of hydrodynamic drag, connected by N = Nb − 1 springs
that prescribe the average elasticity of the molecules [31, 32, 33]. The motion of a polymer
chain with fluctuating intramolecular hydrodynamic interactions (HI) is governed by a force
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balance on each bead and yields the stochastic differential equation [34]:
dri =
[
u (ri) +
1
kBT
Nb∑
j=1
Dij · Fj +
Nb∑
j=1
∂
∂rj
·Dij
]
dt+
√
2
i∑
j=1
Bij · dWj (2.1)
where ri is the position vector of bead i, u (ri) is the unperturbed fluid velocity at position
ri, and Dij is the diffusion tensor that satisfies a fluctuation-dissipation theorem such that:
Dij =
Nb∑
l=1
Bil ·BTjl (2.2)
where Bij is lower-triangular and represents the weighting factors, dWj is the vector rep-
resentative of a Wiener process [35] with components chosen randomly from a Gaussian
distribution with mean 0 and variance dt, and Fj is the vector comprising the total non-
hydrodynamic and non-Brownian forces acting on bead j. In modeling intrachain HI, there
are two popular choices for the diffusion tensor: the Oseen-Burger (OB) and the Rotne-
Prager-Yamakawa (RPY) tensor [34]. In both cases, the term
∑Nb
j=1
∂
∂rj
· Dij = 0, which
greatly simplifies the force balance given by Equation 2.1. We employ the RPY tensor in
our simulations because it remains positive-semidefinite for all polymer chain configurations.
The RPY tensor is given by:
Dij =
kBT
6piηsa
Iij if i = j (2.3a)
Dij =
kBT
8piηs|rij |Aij
Aij =

[
(1 + 2a
2
3|rij |2 )Iij + (1− 2a
2
|rij |2 )
rijrij
|rij |2
]
, for |rij| ≥ 2a,
if i 6= j,
|rij |
2a
[
(8
3
− 3|rij |
4a
)Iij +
rijrij
4a|rij |
]
, for |rij| < 2a,
if i 6= j,
(2.3b)
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where ηs is the solvent viscosity, a is the bead radius which is related to a hydrodynamic
interaction parameter h∗ such that a = h∗
√
pikBT/H, rij is the vector displacement between
beads i and j, and H is Hookean spring constant such that H = 3kBT/NK,sb
2
K , where NK,s
is the number of Kuhn steps per spring and bK is the Kuhn step size. Using this description,
the contour length of the polymer chain is L = (Nb − 1)NK,sbK . It should be noted that
h∗ = 0 for free-draining chains, which implies that D is isotropic in the absence of HI.
In order to express Equation 2.1 in dimesionless form, we define a characteristic time scale
ts = ζ/4H, where ζ is the drag coefficient of each bead, a length scale ls =
√
kBT/H, a
force scale Fs =
√
HkBT , and an energy scale Es = kBT . Furthermore, it is convenient to
recast the force balance in Equation 2.1 in terms of spring connector vectors Qi ≡ ri+1 − ri
such that:
dQi =
[
Pe (κ ·Qi) +
Nb∑
j=1
(Di+1,j −Di,j) · FEj
]
dt+
√
2 [Bi+1,i+1 · dWi+1
+
i∑
j=1
(Bi+1,j −Bi,j) · dWj
]
(2.4)
where we have considered linear flows such that u (ri) = κ · ri, where κ is the velocity
gradient tensor. In Equation 2.4, Pe = Gts is the bead Pe´clet number, where G is the strain
rate; G = ˙ in extensional flow and G = γ˙ in shear flow. Finally, FEi is the net entropic force
on bead i and is given as:
FEi =

Fs1 if i = 1
Fsi − Fsi−1 if 1 < i < N
−FsN−1 if i = N
(2.5)
where Fsi = +
∂
∂Qi
φc is the entropic force in spring i, and φc is the connector potential. For
modeling double stranded DNA, we employ the Marko-Siggia force-relation [36]:
Fsi =
kBT
bK
1
2
1(
1− Q
Qo
)2 − 12 + 2 QQo
 Qi
Q
(2.6)
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For modeling synthetic polymers, we employ Cohen’s Pade´ approximation [37] to the inverse-
Langevin chain (ILC) function to represent the entropic elasticity between two beads [17]:
Fsi =
kBT
bK
3−
(
Q
Qo
)2
1−
(
Q
Qo
)2
 Qi
Q o
. (2.7)
In both cases, Qo = NK,sbK is the maximum extensibility (contour length) of the spring
connector, and Q = |Qi| is the magnitude of the spring connector vector. The Marko-Siggia
relation has been shown to accurately model the elasticity of double stranded DNA (dsDNA),
while the inverse-Langevin function is commonly used as the elasticity of polystyrene [31].
2.1.1 Algorithm
In solving the dynamic force balance given by Eqs. 2.4 through 2.7, we employ a highly
efficient predictor-corrector method to calculate the conformational changes in the polymer
molecule as represented by the spring connector vectors. We follow closely the algorithm
originally proposed by Somasi et al. [38] that has been adapted to simulations with fluctu-
ating HI [31] and excluded volume (EV) [33].
At each time step, the algorithm begins with a predictor step, which is a simple Euler
method to estimate the spring connector vectors at a later time t+ ∆t given the connector
vectors at time t:
Q∗,t+∆ti =
[
Pe
(
κ ·Qti
)
+
Nb∑
j=1
(
Dti+1,j −Dti,j
) · Fs,tj
]
∆t+
√
2
[
Bti+1,i+1 · dWti+1
+
i∑
j=1
(
Bti+1,j −Bti,j
) · dWtj
]
(2.8)
where Q∗,t+∆ti is the Euler prediction for the connector vector of spring i at time t + ∆t.
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Next, we employ a correction based on the predicted connector vectors such that:
Q¯t+∆ti +
((
Dti+1,i+1 −Dti,i
) · F¯s,t+∆ti )∆t = [12Pe(κ ·Qti + κ ·Q∗,t+∆ti )+(
Dti+1,i+1 −Dti,i
) · Fs,ti + Nb∑
j=1
(
Dti+1,j −Dti,j
) · Fsj
]
∆t+
√
2
[
Bti+1,i+1 · dWti+1 +
i∑
j=1
(
Bti+1,j −Bti,j
) · dWtj
]
(2.9)
where Fsj = F¯
s,t+∆t
j if j < i; else F
s
j = F
s,t
j , and Q¯
t+∆t
i is the corrected spring connector i. The
quantity |Q¯t+∆ti | is first determined by solving a cubic equation derived from Equation 2.9
that can be expressed differently for models of polystyrene [31] and DNA [33] based on their
respective force-relations. By solving the cubic equation, the corrected estimate Q¯t+∆ti is
obtained. In writing Equation 2.9, we add two diagonal terms involving Dt on both sides
to avoid breaking the summation so as to conveniently determine Q¯t+∆ti implicitly. Finally,
the third step is an iterative determination of spring connector vector i given by:
Qt+∆ti +
((
Dti+1,i+1 −Dti,i
) · Fs,t+∆ti )∆t = [12Pe (κ ·Qti + κ · Q¯t+∆ti )+(
Dti+1,i+1 −Dti,i
) · F¯s,t+∆ti + Nb∑
j=1
(
Dti+1,j −Dti,j
) · Fsj
]
∆t+
√
2
[
Bti+1,i+1 · dWti+1 +
i∑
j=1
(
Bti+1,j −Bti,j
) · dWtj
]
(2.10)
where Fs,tj = F
s,t+∆t
j if j < i; else F
s
j = F¯
s,t+∆t
j . We use Equation 2.10 to determine the
spring connector vectors Qt+∆ti for all N springs. For the iterative step, we use a convergence
criterion given by c:
c >
√√√√ N∑
i=1
(
Qt+∆ti − Q¯t+∆ti
)2
. (2.11)
If the convergence criterion is not satisfied, then the values of Qt+∆ti are copied into Q¯
t+∆t
i ,
and the algorithm steps are repeated in Equation 2.10 until the condition in Equation 2.11
is satisfied. Upon convergence, the set of spring connectors Qt+∆ti is finally determined. We
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typically set c to 10
−6 in our simulations.
In this algorithm, we have assumed Dij and Bij are constant during each time step ∆t.
This assumption is reasonable for small ∆t as demonstrated by Jendrejack et al [39]. It
should be noted that this assumption is unnecessary for Dij in simulating free-draining
chains, because by definition, free-draining chains have constant Dij. For hydrodynamically
interacting chains, the elements Bαβ of weighting factors Bij are determined at the start of
each time step via a Cholesky decomposition [40] on the elements Dαβ of Dij [34, 31] such
that:
Bαα =
(
Dαα −
α−1∑
γ=1
B2αγ
) 1
2
Bαβ =
1
σββ
(
Dαβ −
β−1∑
γ=1
BαγBβγ
) 1
2
if α > β
Bαβ = 0 if α < β (2.12)
where α, β, γ represent the row and column positions of the composite tensors D and B. As
implemented, the Cholesky decomposition is an O(N3) operation, where N represents the
number of rows in D. Other more efficient computational methods have been developed,
including an O(N2.25) method based on Chebyshev polynomials developed by Fixman [41],
which is efficient especially for chains with significant excluded volume [39, 33]. More re-
cently, even more efficient algorithms have been developed, including O(N logN) [42] and
O(N) [43] methods, though these are well-suited for simulations of polymers in confined
geometries.
2.1.2 Longest polymer relaxation time
On the basis of this model and algorithm, we investigate the near-equilibrium properties of
dilute dsDNA polymer solutions under free-draining (h∗ = 0) and non free-draining (h∗ =
0.12) conditions. In particular, we determine the longest polymer relaxation time τR for
polymer chains of different contour lengths as determined by the number of beads, Nb. The
longest polymer relaxation is determined from the relaxation trajectories from stretched
16
 1
 10
 100
 1000
 10000
 10  100
τ R
Nb
τR ~ N2.0
Data
Power Law Fit
Figure 2.1: Molecular weight scaling (Nb) of longest polymer relaxation time (τR) under
free-draining conditions (Rouse chains).
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Figure 2.2: Molecular weight scaling (Nb) of longest polymer relaxation time (τR) under
conditions with hydrodynamic interactions (Zimm chains).
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conformations following the cessation of flow. We extract τR as the time constant from
fitting an exponential to mean-squared end-to-end distance during the last 30% of chain
extension which corresponds to the linear regime of chain elasticity for dsDNA. Using this
approach, we determine the molecular weight scaling of the polymer relaxation time under
the Rouse and Zimm regime. Rouse theory predicts that τR ∼ N2 for freely draining chains,
while Zimm theory predicts that τR ∼ N1.5 for polymer chains with dominant intramolecular
HI in a theta solvent [17]. Figure 2.1 shows our simulation results for the free-draining case,
where τR ∼ N2 which is in excellent agreement with Rouse theory for the relaxation time.
Figure 2.2 shows our simulation results for the non free-draining case, where τR ∼ N1.56
which is in good agreement with Zimm theory for the longest polymer relaxation time.
2.2 BD simulations: Bead-rod Model
In addition to the bead-spring model, we consider a finer level of description of polymer dy-
namics as described by the freely-jointed chain. In this model, massless beads are connected
by rods of fixed and equal lengths a. In general, the rods serve as an additional form of
stress in the polymer chain. This is due to the fact that under flow, a force balance requires
that the rods must maintain tensions to keep the distance between two adjacent beads fixed.
2.2.1 Equilibrium force-extension of bead-rod model
Using BD simulations, we perform equilibrium calculations to determine the average elas-
ticity in a bead-rod model. We maintain the terminal bead at fixed separations (constant
extension ensemble), and determine the average force required to maintain this separation.
It is well-known that in the thermodynamic limit (N → ∞), statistical mechanics predicts
that the elastic behavior of this model follows the inverse-Langevin force law [?]. Indeed, our
results from BD simulations show good agreement with theoretical predictions as shown in
Figure 2.3. We also find that as N increases, we more closely approach the inverse-Langevin
behavior. We note that this general approach to determine force-extension behavior of the
FJC can be utilized to determine the equilibrium steady-state behavior of flexible polyelec-
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Figure 2.3: Chain elasticity obtained from bead-rod simulations of freely jointed chain for
10 and 20 beads. Force units are given in Boltzmann temperature per rod length a. From
statistical mechanical derivations, the force-extension behavior should approach the
inverse-Langevin force law as number of bead increases. FENE is the finite-extensibile
nonlinear elastic model often used in rheological studies.
tryolyte chains like ssDNA. For polyelectrolyte chains, forces due to electrostatics must be
included and a large number of beads is required. We anticipate that this calculation will be
significantly more expensive than the force-extension calculations for neutral polymer chains
shown in Figure 2.3. In fact, in this scenario, Monte-Carlo simulations may be more suitable
than BD simulations [44].
2.2.2 Steady-state extension in shear flow
To validate our implementation of the bead-rod model, we perform nonequilibrium calcula-
tions of a single polymer chain in response to a steady shear flow. Shear flow consists equal
contributions of rotational components and extensional components. In general, the veloc-
ity gradient tensor for shear flow is given as κim = γ˙δi1δm2, where “1” represents the flow
direction and “2” represents the gradient direction. Using BD simulations, we determine the
average steady-state extension for a 25 bead chain in shear flow over a wide range of flow
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Figure 2.4: Steady-state extension curve of a bead-rod chain (25 beads) in shear flow.
strengths as defined by the Weissenberg number (Wi = PeτR) as shown in Figure 2.4. We
find that the average extension plateaus around 50% extension which is expected behavior in
strong shear flows. This behavior results from stretching, tumbling, and collapse of polymer
molecules in shear flow [24]. The propensity for tumbling motion is due to the vorticity
associated with shearing flows.
2.3 Single Molecule Experiments
In order to directly determine the behavior of individual polymer molecules under equilibrium
and nonequilibrium conditions requires visualization techniques. We employed λ-DNA as
our model polymer because labeling for visualization is fairly straightforward and is a well-
established system. In addition, we generate hydrodynamic flows to perturb the dye labeled
dsDNA molecules using microfluidic devices. Figure 2.5 shows the typical set-up used to
perform single molecule experiments1.
1Christoper Brockman prepared Figure 2.5
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Figure 2.5: Set-up for single molecule experiments for polymer rheology (a) Schematic of
experimental set-up for single molecule studies in a planar extensional flow (b) Photograph
of top-down view of cross-slot region that creates planar extensional flow for dsDNA
molecules.
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2.3.1 Fluorescent dye labeling of dsDNA molecules
Single polymer imaging was performed using lambda DNA (New England Biolabs). dsDNA
(6.35 pM) was stained in the presence of 0.4 µM YOYO-1 fluorescent dye (Molecular Probes)
for approximately 1 hour in the dark using the usual procedure for labeling [6].
2.3.2 Epiflourescence microscopy
We directly visualized polymer molecules using epiflourescence microscopy [45]. Lambda
DNA was imaged using an Olympus IX71 inverted microscope with a 100x oil immersion
objective lens (Olympus UPlanSApo) and an Andor Ixon EMCCD camera. A solid state
laser (CrystaLaser) was used as an illumination source at a wavelength of 488 nm. Polymers
were imaged in viewing solution containing 50 mM Tris/Tris-HCl (pH 8.0), 1 mM EDTA, 500
mg/mL glucose, 20 mM NaCl, ∼ 62.5% sucrose by weight. In order to reduce photobleaching
and photocleaving of the YOYO-1 dye, we added β-mercaptoethanol (140 mM), glucose
oxidase (∼ 65 U/mL) and catalase (1.1 kU/mL) to serve as oxygen scavenging agents. For
viewing, ∼ 1 ng of flourescently labelled dsDNA was added to 1.7 mL of viewing solution
(yielding ∼ 1 to 10 fM dsDNA). Individual dsDNA were visualized in a planar extensional
flow generated in a PDMS-based microfluidic device, which effectively stretches dsDNA
molecules in flow. Images were processed and analyzed using IDL and ImageJ software.
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CHAPTER 3
DETERMINING ELASTICITY FROM SINGLE
POLYMER DYNAMICS
3.1 Introduction
In recent years, polymeric materials have been studied using single molecule techniques such
as atomic force microscopy, optical traps, magnetic tweezers, and fluorescence microscopy
[22, 46, 47]. Single molecule force spectroscopy allows for direct determination of the elastic
force-extension relationships for single proteins or polymers by applying external forces to
surface-tethered macromolecules [22]. In addition, these methods can be used to study the
molecular response and corresponding forces during the relaxation of stretched polymers to
a coiled state [48]. However, these high-precision approaches require active probes, complex
instrumentation, and generally involve measurements that are performed in the absence of
fluid flow.
Alternatively, polymer chains can be stretched and oriented far from equilibrium using
hydrodynamic flow [23, 49, 50], and well-defined fluid flows are easily generated in microflu-
idic devices [33, 51, 52]. In this way, coupling single molecule fluorescence microscopy with
microfluidics allows for direct observation of polymer dynamics in equilibrium and nonequi-
librium conditions. Single molecule fluorescence microscopy has been used to study the
diffusion of dye-labeled polymers in free solution [5], polymer dynamics under strong con-
finement [47], and chain stretching in hydrodynamic flows [46, 33].
Single polymer experiments have been complemented with computer simulations to pro-
vide a particularly powerful approach to study polymer rheology [53]. In this way, equilib-
rium force-extension relations for single polymer chains are generally taken to be ingredients
Portions of this chapter were previously published in: F. Latinwo and C.M. Schroeder, “Determining
Elasticity from Single Polymer Dynamics”, Soft Matter, 10, 2178-2187 (2014).
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(or given functions) for stochastic simulation methods for polymers such as Brownian dy-
namics (BD). In an alternative approach, Monte Carlo simulations based on the GENERIC
formalism have been used to determine the nonequilibrium free energy and elasticity for
polymer chains in flow [54, 55]. Nevertheless, development of new methods to determine
equilibrium materials properties such as polymer elasticity from nonequilibrium flow dy-
namics, and in particular, methods that can be interfaced with single molecule experiments
and BD simulations, is critically required.
Extracting equilibrium materials properties from nonequilibrium polymer dynamics in
flow is challenging because hydrodynamic flow results in an energetically dissipative process,
which complicates free energy calculations. Recent advances in nonequilibrium statistical
mechanics via the Jarzynski equality (JE) have enabled determination of free energy changes
from nonequilibrium quantities such as work and heat [25, 26, 28]. In this chapter, we apply
nonequilibrium work relations to polymeric materials driven by external fluid flows, which
are dynamic processes governed by dissipative forces. Using this approach, we show that it
is possible to determine polymer elasticity from dynamic stretching trajectories of polymer
molecules in flow.
The Jarzynski equality allows the free energy change between two states to be determined
from nonequilibrium work distributions acquired from repeated experiments for an arbitrary
process [25]:
e−β∆F = 〈e−βw〉, (3.1)
where ∆F is the free energy change, w is the work, and β = 1/kBT is the inverse Boltzmann
temperature. Remarkably, the JE is valid for arbitrary processes far from equilibrium,
regardless of the rate of the process. Initially, the JE was derived to determine the free
energy change ∆F between two equilibrium states. However, it has been shown that the
JE is valid for considering nonequilibrium steady states and nonequilibrated states under
certain conditions [56, 57, 58].
Over the past few years, nonequilibrium work relations have been applied to a wide array
of processes in molecular biophysics, mainly using force spectroscopy via optical tweezers
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[59, 60, 61, 28]. Previous experimental [59, 60] and computational [28] studies in this area
have focused on the determination of free energy landscapes of biological macromolecules
(e.g. proteins or RNA & DNA hairpins over submicron length scales) from force-extension
measurements. Importantly, additional studies have assessed the validity of fluctuation
theorems in the presence of dissipative forces [62, 63, 64].
In this work, we apply nonequilibrium work relations to determine materials properties
such as elasticity from polymer dynamics in fluid flows using a combination of simulations
and analysis of experimental stretching trajectories obtained from single molecule fluores-
cence microscopy, without the need for bead-tethered probes or optical tweezers. First, we
present and establish the valid work expression for analyzing polymeric materials driven by
flow. We then show that elastic free energy and force-extension relationships can be deter-
mined from the work done in hydrodynamically-driven, far from equilibrium processes over
micron length scales. Importantly, these results are shown using both BD simulations of
polymer chains and experimental stretching trajectories from single polymer dynamics. Fi-
nally, the present study mainly focuses on polymer dynamics in vorticity-free flows without
intramolecular hydrodynamic interactions. In a recent follow-up study, we show in detail
that this framework can be generalized to fluid flows with vorticity and under conditions
in which intramolecular hydrodynamic interactions are important for determining polymer
dynamics [65].
3.2 Methods
3.2.1 Brownian dynamics simulations
We used Brownian dynamics simulations of coarse-grained bead-spring or bead-rod polymer
chains in a variety of flow fields [38, 32, 35]. Polymer chains are modeled as coarse-grained
bead-spring chains, wherein each sub-portion of a polymer chain is modeled as a bead, or
center of hydrodynamic drag, connected by N springs that represent the entropic elasticity
of a polymer. The contour length L of the polymer is given by L = NK,sN bK , where NK,s
is the number of Kuhn steps per spring, N is the number of springs, and bK is the Kuhn
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step size. In this model, the number of beads in the bead-spring chain is Nb = N + 1.
Using this approach, a force balance on the polymer chain leads to the stochastic differ-
ential equation [32]:
dxk =
[
u (xk) +
1
kBT
Nb∑
j=1
Dkj · Fj +
Nb∑
j=1
∂
∂xk
·Dkj
]
dt+
√
2
k∑
j=1
Bkj · dWj (3.2)
where u is the local unperturbed fluid velocity and xk are bead positions (corresponding to
segments of the polymer chain). In Equation (3.2), the non-hydrodynamic and non-Brownian
forces are given by F = Fspr, which is the net entropic spring force on a bead. The spring
force is given by Fspr = ∇U , where U is the potential energy given by the entropic elasticity
and defined below. In this work, we consider a dumbbell model (Nb = 2) and multi-bead-
spring models (Nb = 6, 10, 20, see section A.1.2). In addition, D = B ·BT is the diffusion
tensor, and B is the tensor of weighting factors. Furthermore, B can be determined by
a Cholesky decomposition of the diffusion tensor D, and the magnitude of the Brownian
term including B is chosen to satisfy the fluctuation-dissipation theorem [32]. In this way,
dW is a Wiener process and is chosen from a real-valued Gaussian distribution of mean 0
and variance dt. For a semiflexible polymer chain modeled as a single-mode dumbbell, the
potential energy is given by the Marko-Siggia force expression [36]:
βU = Ll−1p
(
1
2
z2 +
1
4
(1− z)−1 − 1
4
z
)
(3.3)
where lp = bK/2 is the persistence length and the fractional extension of the spring is given
by z = |x2 − x1|/L. The potential energy U in Equation (3.3) can be obtained by integrating
the scalar Marko-Siggia force relation given as:
F spr =
kBT
bK
[
1
2
1
(1− z)2 −
1
2
+ 2z
]
(3.4)
with respect to position z. In addition, using Cohen’s Pade´ approximant to the inverse
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Langevin force relation given as [37]:
F spr =
kBT
bK
z
3− z2
1− z2 (3.5)
we can perform a similar integration to determine U for flexible polymer chains such as
polystyrene.
The definition of the rate of work w˙ done on the polymer chain by the action of an imposed
external flow is given by: [66]
w˙ =
∂U
∂t
+
Nb∑
k=1
u (xk) · ∇Uk (3.6)
where Uk is the net potential energy experienced by bead k. The rate of work is the material
(or convective) derivative of U , which describes the time rate of change of the potential energy
in the Lagrangian viewpoint, analogous to the transport of momentum in fluid motion given
by the Navier-Stokes equation [67]. The work w performed by the flow is given by the time
integral of Equation (3.6), such that w =
∫
w˙ dt. In this chapter, we also show that this work
definition is the valid expression for applying the equilibrium statement of JE to polymeric
materials driven by flow (see Section 3.3.2).
3.2.2 Algorithm
Nonequilibrium trajectories of polymer conformations in flow were simulated by a highly
efficient semi-implicit predictor-corrector algorithm [38]. We render Equations (3.2) and (3.6)
dimensionless and recast them in terms of the end-to-end vector Qk for spring k such that:
dQk =
[
Pe (κ ·Qk) +
Nb∑
j=1
(Dk+1,j −Dk,j) · Fsprj
]
dt+ (3.7)
√
2
[
Bk+1,k+1 · dWk+1 +
k∑
j=1
(Bk+1,j −Bk,j) · dWj
]
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where Qk = xk+1 − xk, Pe = ˙ζNK,sb2K/12kBT is the bead Pecle´t number which is a
dimensionless measure of the applied flow strength, ˙ is the applied fluid strain rate, ζ =
6piηsa is the Stokes drag coefficient on each bead, where ηs is the solvent viscosity and a is
the bead radius. In addition, κim = δi1δm1 − δi2δm2 is the dimensionless velocity gradient
tensor for a planar extensional flow. In this work, we consider freely draining dynamics
such that the dimensional form of D = kBT I/ζ, where I is the unit tensor. In this way,
D is a simple constant isotropic tensor. In Chapter 4, we have used more complicated
expressions for D such that D is nonisotropic and accounts for chain dynamics under non-
freely draining conditions [65]. Furthermore, we note that to render Equations (3.2) and (3.6)
dimensionless, we used ls = bK
√
NK,s/3 as the length scale, ts = ζNK,sb
2
K/12kBT as the
time scale, Es = kBT as the energy scale, and Fs = Es/ls as the force scale. Finally, using
Equation (3.7) at each time step, an updated value of Qk is computed by employing a
semi-implicit predictor-corrector method [38, 65].
For a single-mode dumbbell model of a polymer, the simulation procedure is as follows.
First, we use the additional subscripts t or t+ δt to denote quantities at the beginning and
the end of a time step δt. Based on the spring vector at time t, Qt1, we make a prediction
for the new spring vector Q∗,t+δt1 at time t+ δt such that:
Q∗,t+δt1 = Q
t
1 +
(
Peκ ·Qt1 − 2Fspr,t1
)
δt (3.8)
+
√
1/2
(
dWt2 − dWt1
)
Next, we determine the correction to this prediction using a semi-implicit method [35]:
Qt+δt1 + δtF
spr,t+δt
1 = Q
t
1 +
1
2
[
Peκ ·
(
Qt1 +Q
∗,t+δt
1
)
− (3.9)
2Fspr,t1
]
δt+
√
1/2
(
dWt2 − dWt1
)
Using the appropriate spring force relation, Equation (3.9) can be recast as a cubic scalar
equation that allows for the determination of Qt+δt1 [31]. Based on Q
t
1 and the local fluid
velocity, the incremental work δw done on a polymer by the fluid over a time δt is calculated
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through:
δw = Pe
(
κ ·Qt1
) · Fspr,t1 δt (3.10)
For a transition between any two states, the total work w done by the fluid on a polymer is
computed by summing up δw through the course of a dynamic trajectory.
3.2.3 Free energy landscape and elasticity
The first experimental demonstration of the JE considered a system defined as an RNA
molecule maintained at a defined extension by a conservative force field [59]. In that study,
the system was transitioned between states of varying molecular extension by “pulling” on
the ends of the RNA using optical tweezers in the absence of flow. In our work, the system
is defined as a single polymer molecule driven by flow, and the terminal states of the system
are defined by the end-to-end molecular extension of the polymer, regardless of flow. In
this way, the system is transitioned between initial and final states of predefined molecular
extension by imposing a fluid flow that induces conformational changes in the polymer
molecule. Once the molecule reaches a predefined final extension, the work calculation
along the dynamic trajectory is halted. Conceptually, halting the work calculation can be
envisioned as analogous to “switching off” the imposed flow and maintaining the molecule
at the final extension by a conservative field. This step allows for the equilibration of the
system to the new steady state. However, this step is not necessary for a dynamic trajectory,
because equilibration at the final steady-state does not contribute to the work calculation
and therefore does not affect the work relation [58].
In order to calculate free energy landscapes, polymer molecules are transitioned though a
series of states defined by molecular extension λi, where the subscript i = [1, 2] represents
the initial and final states, respectively, by increasing the flow strength through a series
of steps. Once a polymer reaches the desired final state (final molecular extension λ2),
then the work calculation is terminated. Here, a dynamic trajectory is considered as the
stretching trajectory up to the first time a molecule reaches a target final extension. For
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λ-DNA in tethered uniform flow, the flow strength is stepped through Wi = 18, whereas in
planar extensional flow, the flow strength is stepped up to Pe = 16.2. Flow strengths were
determined in order to ensure that polymer chains are stretched above 70% of the contour
length. At each step, we determine the work distribution and the corresponding ∆F from
the work relation. In this way, the free energy and therefore the stored elastic energy of a
polymer can be determined over a range of energies up to 3 orders of magnitude. Chain
elasticity is determined by differentiating the free energy with respect to chain extension.
3.2.4 Housekeeping power
In order to determine the scaling properties of the housekeeping power (see Section 3.3.5),
we performed BD simulations of polymers wherein the fluid flow rate is held constant after
a polymer molecule has reached its final steady state molecular stretch. In these calcula-
tions, a dynamic trajectory is considered as the stretching trajectory beyond the first time
a molecule reaches a target final extension. Housekeeping power is calculated as the slope
of the transient average work done by the fluid after several Hencky strain units, where the
average work is linear function of time [66]. Using this approach, the housekeeping power
was calculated for up to 5 orders of magnitude in flow strength.
3.2.5 Work analysis
In order to calculate the work done by the fluid on polymers from experimental single polymer
stretching data, we consider two stretching regimes of a molecule: coiled conformations
(where the molecule is modeled with a constant drag coefficient ζ) [33, 68] and stretched
conformations (where slender body theory is applicable) [69, 70]. The work rate is determined
based on Equation (3.6), or more specifically Equation (3.10), but now with the spring force
replaced by the hydrodynamic drag exerted on the molecule. We determined the work
rate in the coiled regime by considering the drag force and velocity on a sphere of size Rg in
extensional flow, given by w˙ = 4
9
piζ˙2λ2, where λ is the polymer extension. Here, we also used
the relationship for ideal linear chains such that the radius of gyration Rg = 〈λ2〉1/2 /
√
6 is
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related to the mean-squared end-to-end distance 〈λ2〉 [49]. In the coiled state, we calculated
ζ using scaling arguments and center-of-mass diffusion coefficients from prior single molecule
experiments on long DNA molecules [5]. We determined ζ = 0.0031 pN·s/µm at a solution
viscosity ηs = 8.4 cP, conditions under which the transient stretching data was obtained.
In the strongly stretched regime, the work rate based on slender body theory is given by
w˙ = 1
6
piηs˙
2λ3/ ln
(
λ
d
)
, where d = 2 nm is the molecular diameter of DNA (see section A.1.1).
3.3 Results and Discussion
3.3.1 Jarzynski equality for polymeric systems
For a general microscopic system, external forces can be applied to perform work and transi-
tion the system between states. External forces can follow autonomous or non-autonomous
dynamics. In autonomous dynamics, all of the external forces or agents are maintained at
fixed values, and the system evolves accordingly. However, in non-autonomous dynamics,
at least one of the forces varies systematically in time. Based on these distinctions, an
equilibrium state is defined when the applied forces are conservative and autonomous [71].
Therefore, the equilibrium statement of the JE (Equation (3.1)) can be applied to systems
where the initial and final states are prescribed by autonomous and conservative forces.
In this work, the terminal states of our system (defined by a polymer molecule at a fixed
molecular extension) satisfy these conditions.
Previous applications of the JE have focused on bead-tethered macromolecular systems.
In this case, systems are driven from an initial equilibrium state (State a) to a final equilib-
rium state (State b) by applying forces that follow non-autonomous dynamics, and work is
performed on the system. Upon reaching the final state (State b), no additional work is done
on the system. A physical example is an RNA “pulling” experiment performed using optical
tweezers, wherein the bead-tethered ends of an RNA hairpin are perturbed by optical forces
[59]. Here, the bead is maintained in a potential energy well given by the optical trap.
In this work, we show that the JE can be applied to polymeric systems driven by hy-
drodynamic flow, provided that the initial and final states of the polymer are defined by
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molecular extension. We note that the initial state must be a well-defined equilibrium state.
In particular, we show that transitions between states of defined molecular extension can be
analyzed in the context of nonequilibrium work relations. Work is performed on a polymer
chain by a hydrodynamic force (via fluid motion), which changes the molecular stretch of a
polymer between an initial state (State a, initial molecular extension λ1) and a final state
(State b, final molecular extension λ2). In one approach, transitions between states of de-
fined molecular extension λi are made by increasing flow strength through a series of steps in
fluid velocity. Upon reaching the final state, an external conservative field (in the absence of
flow) could be used to allow for equilibration, though this approach is not easily available in
experiments. In a second approach that is more amenable to experiments, a polymer can be
transitioned from an equilibrated state at λ1 (zero flow) to a second nonequilibrated state of
stretch λ2 by a large step in flow strength. We demonstrate the validity of both approaches
in this chapter.
3.3.2 Work relations and system control parameters
Nonequilibrium work relations and fluctuation theorems have previously been considered in
the context of dissipative forces [62, 64, 57]. Furthermore, recent experiments have employed
high-precision measurements involving optically trapped beads in the presence of flow to
demonstrate the validity of these theorems [63, 64, 72]. Here, we apply nonequilibrium work
relations to dilute polymeric solutions driven by purely dissipative forces.
For dynamic processes driven by external fluid flows, the JE requires an accurate definition
of work done on bodies suspended in a flowing fluid. A large body of previous work in this
area has focused on force-extension measurements, where the work done on a molecule is
simply defined by the force exerted to stretch the molecule over a well-defined distance
[59, 60, 61]. However, polymeric systems driven by hydrodynamic flow require a definition
of the work performed on a polymer molecule by a flowing fluid [73]. Recently, a work
definition was used to show that a Hookean dumbbell model for polymers in extensional
flow satisfies a fluctuation theorem [30], however, the Hookean model does not accurately
capture dynamics in strong flows and it is unclear a priori that this work expression yields the
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equilibrium Jarzynski work. In this section, we show theoretically that this work definition
is the valid expression for applying the equilibrium statement of the JE to polymer molecules
driven by flow.
To obtain a work expression for a Langevin description of polymers in flow, we first
consider a classical mechanical system consisting of N particles in contact with a heat bath
at temperature β−1. The microscopic state of the system is specified by the 3N -dimensional
position vector r and the 3N -dimensional momentum vector p of the particles through the
Hamiltonian H (r,p). In order to move to a Langevin description of the system, it is essential
to identify a reaction coordinate x (r) through which a potential of mean force Φ (x) can be
expressed as:
e−βΦ(x) =
∫
drdp δ (x− x′ (r)) e−βH(r,p) (3.11)
where δ (x) is the Dirac-delta distribution. Consider the case where the system is now guided
(or perturbed) by an external potential Vα, such as in steered molecular dynamics simulations
[61]. Here, α is the control parameter that defines the state of the system. In this case, the
potential function of the new system U (x;α) is the sum of the potential of mean force and
the external potential, such that U (x;α) = Φ (x)+Vα (x). When applying the JE to systems
controlled by conservative forces, the work definition is given as w =
∫ τ
0
dt α˙∂U(x;α)
∂α
, where τ
is the time required to reach the new state.
Systems driven by nonconservative forces (e.g., as encountered in hydrodynamic flows) are
typically multidimensional in the reaction coordinate. Therefore, we consider a Langevin
description of polymer chain dynamics in flow such that:
ζx˙ = −∂U (x;α)
∂x
+ f + ξ (3.12)
where x is the multidimensional reaction coordinate and as such represents the position
vector of beads, ζ is the scalar drag coefficient, ξ represents the Brownian force given by
a Gaussian white noise with intensity 2ζkBT , U (x;α) is the sum of the potential of mean
force (or connector potential of the springs, φ(c) (x)) and the external potential Vα(t) (x),
33
f = ζu (x) is the hydrodynamic force due to fluid flow, and u is the unperturbed fluid
velocity at x. We note that the external potential Vα(t) (x) is analogous to the potential
exerted by an optically trapped bead that is tethered to a polymer terminus and may be
used in equilibrating the system at a fixed extension.
In order to determine the state of the system, we consider a set of control parameters
α that describe how a system can be transitioned between states. For polymeric systems
driven by external flows, there are two distinct choices for the control parameters. In the
first case, the control parameters are chosen as α = {λ,x}, while in the second case, the
control parameter can be chosen as α = {˙}. In this work, we choose the set of control
parameters α = {λ,x}, such that the instantaneous state of a polymer chain is defined by
the molecular extension of a polymer in flow.
We now follow closely the work relation given by Hatano and Sasa [57], which was derived
for equilibrium and nonequilibrium steady states governed by Langevin dynamics:
〈
exp
[
−
∫ τ
0
dt α˙ · ∂φ (x;α)
∂α
]〉
= 1 (3.13)
where φ = − log ρss (x;α) and ρss is the probability distribution of the steady state corre-
sponding to α. For equilibrium steady states, ρss follows the Gibbs-Boltzmann distribution,
and therefore φ = −β (F − U). First, consider the case where the system is perturbed by
the direct manipulation of only λ, such as the RNA pulling experiment with optical tweezers
in the absence of flow. In this case, α = {λ}, and Equation (3.13) reduces to the equilibrium
JE, as given in Equation (3.1), with w =
∫ τ
0
dt λ˙∂U(x;λ)
∂λ
.
Now, consider our choice for control parameters α = {λ,x} for polymer chains driven by
flow. For this choice of α, the transient state of the system is defined by molecular extension
and position in flow. Inserting α = {λ,x} into Equation (3.13) yields:
〈
e−β
∫ τ
0 dt(λ˙
∂U(x;λ)
∂λ
+u(x)·∇U)
〉
= e−β∆F (3.14)
where the integrand in the exponential on the left hand side is the rate of work done by
the fluid on the polymer, given by w˙ = ∂tU + u · ∇U . Interestingly, this rate of work w˙
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is equivalent to the rate of work defined for particles in flow by Speck et al., [66] which
was derived in an entirely different context. The first term in the rate of work (∂tU) can be
interpreted as the work done by an external conservative field in stretching the polymer chain.
This term is exactly zero in our approach because the transition is driven by hydrodynamic
flow. The second term in the rate of work (u ·∇U) can be physically interpreted as the work
done by a parcel of fluid on a polymer chain, which amounts to the convective derivative of
the potential function.
We apply this general approach to single molecule experiments and simulations of polymers
stretching in flow. First, we simulate the stretching of single polymer chains between states
of defined extension by applying hydrodynamic forces. Initially, a polymer is held at an
initial molecular extension (λ1). Next, a nonequilibrium process is initiated by an external
flow, which stretches the polymer between states of molecular extension. Once the molecule
reaches the new state defined by λ2, the work calculation is halted. For experimental data,
polymer chains are transitioned between an equilibrium state at zero flow and a final state
of constant extension by hydrodynamic flow in a microfluidic device.
It is worth mentioning that parameterizing states by molecular extension is akin to defining
states by a fixed reaction coordinate, such that λ = |xNb −x1|. In this sense, the stiff-spring
approximation is satisfied, and the free energy differences are equal to differences in potential
of mean force, which is directly related to the free energy of the unperturbed molecule. For a
polymer chain, the potential of mean force corresponds directly to the stored elastic energy
in the chain [74]. Furthermore, the elasticity is the corresponding force-extension behavior of
a polymer chain and is defined as the derivative of the free energy with respect to molecular
extension [17, 36]. Therefore, in this way, the determination of the equilibrium free energy
landscape of the molecule allows for the determination of the stored elastic energy and
corresponding chain elasticity.
We first determined the work required to stretch polymers using Brownian dynamics
simulations of coarse-grained polymer chains (see Methods). As a proof-of-principle demon-
stration, we analyzed flow induced conformational changes of polymer dumbbells modeled
as double stranded DNA in a planar extensional flow (Figure 3.1). In extensional flows, the
dimensionless flow strength is given by the Weissenberg number (Wi = ˙τR = Peτ˜R), where
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Figure 3.1: Nonequilibrium work calculations for λ-DNA (contour length L ≈ 21 µm) in
extensional flow. (a) Trajectories of fractional polymer extension induced by Wi = 0.63,
wherein molecules are stretched from a fractional extension λ1/L ≈ 0.32 (State a) to
λ2/L ≈ 0.38 (State b). Single molecule trajectories and the ensemble average stretch are
shown. (b) Transient average work trajectories, where 〈W〉 is the average work for a
process wherein polymer molecules are stretched from State a to State b, and 〈Whk〉 is the
housekeeping work required to maintain a polymer at an average steady state extension at
State b. The slope of 〈Whk〉 gives the housekeeping power P . (c) Histogram of work
required to stretch single polymers from State a to State b. (Inset) Steady state fractional
extension 〈xss〉/L as a function of Wi in extensional flow.
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Figure 3.2: (a) Free energy landscape for λ-DNA (L ≈ 21 µm) determined from
nonequilibrium dynamics in extensional flow using the JE. (Inset) Free energy landscape
for λ-DNA determined in tethered uniform flow using the JE. The free energy at zero
extension is defined as the reference state (Fo = 0). (b) Polymer elasticity for λ-DNA (L ≈
21 µm) determined from dynamic data in extensional flow using the JE. (Inset) Polymer
elasticity for a polystyrene molecule (L ≈ 1.2 µm) determined in extensional flow using the
JE. ILC: inverse Langevin chain force-extension relation.
τR is the longest polymer relaxation time and τ˜R is the dimensionless form of τR.
1 Work
is calculated for molecular stretching events, wherein a molecule is driven from an initial
molecular extension (State a, λ1) to a second molecular extension (State b, λ2) by a step
change in Wi, as shown in Figure 3.1a. The average transient work for this process over
an ensemble of polymers is given by the quantity 〈W〉, as shown in Figure 3.1b. Work his-
tograms are calculated by determining the work required to stretch an ensemble of individual
molecules from State a to State b, as shown in Figure 3.1c. After a polymer reaches State
b, the average rate of work required to maintain the average molecular extension is zero for
conservative forces or a non-zero constant at fixed Wi [66]. For the case of a fixed flow rate,
we define this constant as the housekeeping power P , which is the rate of work required to
maintain an average polymer extension at a fixed flow rate. Housekeeping power is given by
the slope of the transient housekeeping work P = d〈Whk〉/dt, as shown in Figure 3.1b.
1The longest polymer relaxation time τR is determined by analyzing polymer relaxation trajectories
following the cessation of flow. In particular, τR is the time constant obtained from fitting an exponential
decay to the mean squared end-to-end distance of the polymer molecule in the regime of linear elasticity.
For dsDNA, this regime is typically chosen as < 30% of the contour length of the polymer molecule [3, 33].
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3.3.3 Free energy landscapes and chain elasticity
Using nonequilibrium work distributions, we applied the JE to calculate the stored elastic
energy for polymer chains as a function of molecular extension, beginning with BD simula-
tions (Figure 3.2). We first determined the free energy landscape for single DNA molecules
stretched in an extensional flow (Figure 3.2a) and in tethered uniform flow (Figure 3.2a,
inset) using λ-DNA as a model system. In order to map the free energy landscape for λ-
DNA from molecular stretching trajectories, we simulated the response of polymer chains to
series of step increases in flow strength Wi. During transitions between successive steps of
constant molecular extension, we determined the work done by the fluid to stretch a polymer
from one extension to another. In this way, we used a method known as stratification [75],
wherein the overall free energy change ∆Ftot for a process is determined by summing the
free energy changes for a series of sub-processes.
Stratification effectively divides (or stratifies) a process with a large free energy change
into Nt sub-processes with small free energy changes (∆Fsub), which is relevant because
the JE relies on an exponential Boltzmann weighted average of work values, as given by
Equation (3.1). Therefore, the accuracy of free energy estimates given by the JE depends
on adequate sampling of events associated with small work values, which typically comprise
a small part of the work distribution. From this perspective, the application of JE to
microscopic processes associated with large average dissipated work 〈wd〉  kBT generally
requires larger ensembles, where the dissipated work wd = w−∆F is the work lost during an
arbitrary process. Work is a path function, such that the work obtained through a series of
sub-processes is not directly additive in the context of work relations [76, 75]. However, free
energy is a thermodynamic state variable, and the free energy changes for a series of sub-
processes are additive. Therefore, the JE can be applied to each stratified sub-process, and
the total free energy change can be computed by summing up the sub-process free energies
∆Ftot =
∑
i ∆Fsub,i. In using this stratification technique, we note that the initial states
must be equilibrated. This condition is intrinsically satisfied for a dumbbell because it is a
polymer model with a single mode. For the free energy calculation of polymer dumbbells
shown in Figure 3.2a, the overall molecular stretching process was stratified into Nt = 80
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Figure 3.3: Application of the nonequilibrium work relation to experimental data on
polymer dynamics. (a) Individual (light) and ensemble average (dark) stretching
trajectories of 7-λ-DNA molecules in extensional flow at Wi = 0.75 obtained from prior
single molecule polymer dynamics experiments. (Inset) Schematic of a stretched molecule
in a planar extensional flow. (b) Free energy landscape determined from applying JE to
experimental stretching trajectories. Solid line is the integrated Marko-Siggia (IMS)
relation with contour length as fitting parameter. (Inset) Average dissipated work as a
function of molecular extension. Data shown are mean values ± SD.
sub-processes. In this example, we determined the elastic properties of DNA, which is
well described by the wormlike chain (WLC) or Marko-Siggia force-extension relation for
semiflexible polymers [36]. Overall, the JE performs very well in capturing the elastic chain
energy over a wide range of molecular extensions, as determined from dynamic stretching
trajectories in far-from-equilibrium hydrodynamic flow processes.
Nonequilibrium polymer dynamics in flow is governed by a balance between hydrodynamic
forces that tend to stretch polymer chains, entropic restoring forces, and stochastic (Brow-
nian) forces. Due to thermal motion, the work required to stretch a polymer in processes
driven by hydrodynamic flow exhibits a distribution of values. Figure 3.1c shows the work
distribution for one sub-process in extensional flow for a change in molecular stretch between
λ1/L = 0.32 to λ2/L = 0.38, due to an imposed flow at Wi = 0.63. For this sub-process, the
mean work 〈w〉 is 134.1 ± 2.7 kBT , the JE estimate of ∆F is 15.5 ± 0.7 kBT , and the actual
∆F given by the analytic WLC relation is 14.3 kBT . Remarkably, the JE is able to predict
the free energy change for this process, despite the enormous amount of dissipated work
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〈wd〉 ≈ 120 kBT associated with the stretching event. The convergence of the JE estimate
as a function of ensemble size (for a single-mode elastic model for polymers) is shown in Fig.
A.1.
The force-extension relation for a polymer can be calculated by differentiating the free en-
ergy with respect to molecular extension. We determined polymer elasticity from nonequilib-
rium dynamics for DNA, modeled as a semiflexible biopolymer (Figure 3.2b), and polystyrene,
modeled as a synthetic organic polymer (Figure 3.2b, inset). The elasticity of DNA is well
described by the WLC force relation, whereas the elasticity for flexible polymers such as
polystyrene is typically modeled by the inverse Langevin (ILC) entropic force relation [31].
In particular, we used Cohen’s Pade´ approximation for the ILC force, which provides an
analytical expression for force as a function of molecular stretch [37]. The stored elastic
energy for ideal polymer chains [77] scales as F ∼ NK , where NK is the total number of
Kuhn steps, which implies that a larger number of stratified sub-processes is required to map
the free energy landscape of flexible polymers compared to semiflexible chains. Indeed, we
found that a larger number of sub-processes Nt was required to determine the elasticity of
polystyrene (Nt = 140) compared to DNA (Nt = 80), despite the fact that the contour length
L for the polystyrene molecule was smaller than the contour length of stained λ-DNA (L ≈
1.2 µm with NK ≈ 860 versus L ≈ 21 µm with NK ≈ 160, respectively) [53]. Polystyrene is
a flexible polymer with a Kuhn step size bK=1.4 nm, two orders of magnitude smaller than
the Kuhn length for intercalating dye-stained dsDNA (bK=132 nm) [47]
2.
3.3.4 Analysis of single polymer experiments
We further applied this approach to single polymer dynamics experiments (Figure 3.3). In
particular, we analyzed data based on long concatemers of λ-phage DNA, in particular
7-λ-DNA, stretching in microfluidic devices obtained using single molecule fluorescence mi-
croscopy [33]. We calculated the work done by the fluid on the polymer by considering the
hydrodynamic drag forces using the Zimm model and slender body theory [49, 70] - with
2The Kuhn step size bK=132 nm applies to dsDNA stained with the intercalating dye YOYO-1 at a
dye:bp ratio of ≈1:4, [5] which is commonly used in single polymer experiments.
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no adjustable parameters. Using this approach, we calculated the work required to stretch
a polymer from the coiled state to a predefined final extension based on single molecule
stretching trajectories in planar extensional flow. We considered two different experimen-
tally measured flow rates of Wi = 0.75 shown in Figure 3.3a, and Wi = 0.98 shown in Fig.
A.2. In this way, we first determined a work distribution for given set of individual trajec-
tories. Next, we applied the JE to determine the unperturbed free energy landscape of the
molecule as shown in Figure 3.3b. Despite the large values of dissipated work (Figure 3.3b,
inset), the elastic energy is in good agreement with that expected from the integrated Marko-
Siggia force relation given bK = 132 nm and the contour length as a fitting parameter, L ≈
112 µm (r2 = 0.998). The commonly accepted values for the Kuhn step size for natural ds-
DNA and dsDNA labeled with YOYO-1 are 106 nm and 132 nm, respectively. [5, 47] Given
these values, the contour length of natural (unlabeled) and YOYO-1 labeled 7-λ-DNA are
approximately 112 µm and 154 µm, respectively [33].
3.3.5 Relating housekeeping power to viscosity and stress
Dynamic processes driven by flow may result in nonequilibrium steady states of polymer
extension [66], which are distinct from steady states at true thermodynamic equilibrium.
For steady states at thermodynamic equilibrium, the applied power P (known as house-
keeping power [78]) or rate of work 〈w˙〉 required to maintain the state is zero. However,
the housekeeping power is constant and positive (P > 0) in linear flows such as shear and
extensional flow. For nonequilibrium steady states, the fluid performs work to maintain
polymer extension at a constant (average) molecular stretch, which needs to be accounted
for in constructing work distributions. Although previous work has studied housekeeping
power in the context of shear flow [74, 66, 73], these studies have been limited to infinitely
extensible Hookean chains. Here, we investigate the relationship between the housekeeping
power and flow type for linear flows including shear and extensional flow, and we further
explore the implications of applied power on the Jarzynski formalism.
We determined the housekeeping power for DNA using BD simulations, which includes
the effects of finite extensibility using the WLC model. The housekeeping power for DNA
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Figure 3.4: Housekeeping power as a function of dimensionless flow strength Weissenberg
number Wi in shear and extensional flow for λ-DNA using a dumbbell model, where
λH = ζ/4H is the relaxation time of the corresponding Hookean polymer chain.
in shear and extensional flow appear to follow power law scalings as a function of Wi, as
shown in Figure 3.4. To understand the origin of the power law scalings in different flow
regimes, we expressed the rate of work performed by the fluid on the polymer as:
P ≡ 〈w˙〉 = 〈u (xk) · Fsprk 〉 ∼ Wi f(xk,Fspr), (3.15)
where f(xk,F
spr) in the final expression is a general function. The form of f depends on
flow type, the radius of gyration tensor Rij, Wi, and is related to well known viscometric
functions. For Hookean springs with linear force-extension relations such that Fspr = HQ1,
the functional form becomes f = H〈Q1,1Q1,2〉 in shear flow, whereas f = H〈Q21,1 −Q21,2〉
in planar extensional flow, where H = 3kBT/NKb
2
K is the force constant, and the addi-
tional subscripts 1 and 2 are the flow and gradient directions in shear flow and exten-
sional/compressional axes in extensional flow.
We determined f as a power law function of Wi for DNA molecules (modeled by non-linear
WLC elasticity) in flow by performing a series of BD simulations, such that f ∼ Wiν and
P ∼ Wi1+ν , where ν is a scaling exponent. In shear flow, polymer chains behave as Hookean
springs for Wi < 1, which yields f ∼ H〈Q1,1Q1,2〉 ∼ Wi1.0 and a power scaling P ∼ Wi2.0.
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For higher Wi shear flows Wi > 1, nonlinear chain elasticity plays a role in the stretching
process such that f ∼ Wi0.45, thereby yielding a power scaling P ∼ Wi1.45. In extensional
flow, we find that f ∼ Wi1.4 for Wi < 1, thereby yielding P ∼ Wi2.4. This scaling exponent
is slightly larger than the result expected for a Hookean chain in extensional flow because of
the nonlinearity in the chain elasticity. In particular, this nonlinear force-extension regime
is sampled significantly by the chain for Wi > 0.5. For stronger extensional flows Wi > 1,
we determined f ∼ Wi1.0 which yields a power scaling P ∼ Wi2.0. All of these scaling
arguments are in good agreement with the scalings obtained directly from the applied power
given by equation (3.15), as shown in Figure 3.4. In general, the applied power P for a
given Wi is larger for extensional flows compared to shear flow, which is expected because
extensional flow consists of purely extensional/compressional components, whereas shear
flow has equal contributions of rotation and extension [67].
Housekeeping power P from the Jarzynski formalism is related to bulk polymer viscomet-
ric functions. For linear flows such that u (xk) = κ · xk, the applied power given by equa-
tion (3.15) is related to the strain rate (˙ in extensional flow or γ˙ in shear flow) multiplied
by elements of the polymer contribution to the stress tensor given by Kramers expression
τ p = −n
∑
k 〈QkFsprk 〉, where τ p is the nonisotropic part of the polymer contribution to
stress, and n is the number density of polymers. [74] In this way, elements of κ connect
applied power to viscometric functions. For example, in shear flow P = −γ˙τ12 = γ˙2η (γ˙)
where η is the shear viscosity, and in extensional flow P = −˙ (τ11 − τ22) = ˙2ηE (˙) where
ηE is the extensional viscosity. [74]
3.4 Conclusions
In this chapter, we apply nonequilibrium work relations to polymer dynamics. We show
that a nonequilibrium work expression based on the Jarzynski/Hatano/Sasa framework is
valid for polymeric systems driven far from equilibrium by hydrodynamic forces. Using this
approach, we show that it is possible to calculate materials properties such as polymer chain
elasticity from molecular stretching trajectories of single polymers in external flows. We use
a combination of simulations and analysis of experimental data to demonstrate that the JE
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successfully captures polymer chain elasticity regardless of flow type (extensional or uniform
flow), model type or level of discretization (single mode or multi-bead-spring chains, see Fig.
A.3), or polymer type (modeled as a semiflexible biopolymer or synthetic chain). Based
on this work, nonequilibrium work relations appear to be well-suited to play a key role in
determining properties of soft materials from dynamic processes in flow.
From a broader perspective, our work provides the necessary theoretical framework that
allows for determination of fundamental properties such as stored elastic energy and elasticity
from the motion of single polymers in flow. In this way, the equilibrium properties of soft
condensed matter systems can be determined using dynamic information, which is a new
approach in the field of complex fluids. We also show that important bulk rheological
quantities such as viscosity are connected to work calculations. This connection provides a
fundamental consideration for bulk dynamical quantities from an equilibrium perspective.
Moving beyond polymeric systems, we anticipate that our framework can be extended to
colloidal suspensions, for example, in the calculation of energy differences between colloidal
states wherein interactions between colloidal particles are “tuned” in a defined way.
Beyond the application of JE to dynamic processes in flow, it is conceptually interesting to
observe that fundamental equilibrium properties can be determined from forces that do not
appear to traditionally define equilibrium states, for example, those encountered in the flow
and deformation of matter. Strikingly, it appears that the nature of the force responsible
for transitions between any two equilibrium states is insignificant in the determination of
the energy difference between these states. Previous studies on determining free energy
landscapes from nonequilibrium processes have focused on how far from equilibrium the
process is, but little attention has been given to the fundamental nature of the process itself.
However, this work implies that the equilibrium energy difference between two states can be
determined regardless of the type of force that drives changes in state (e.g., conservative or
nonconservative), which is a key concept in the field.
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CHAPTER 4
THE ROLE OF VORTICITY AND
INTRAMOLECULAR HYDRODYNAMIC
INTERACTIONS IN WORK RELATIONS
4.1 Introduction
Polymers are ubiquitous materials in modern society. During processing, polymer chains are
exposed to nonequilibrium conditions that give rise to complex dynamics. A full description
of the dynamic behavior of long chain macromolecules can be a challenging task. In the
past, the nonequilibrium behavior of polymers in flow has been studied using a combina-
tion of bulk rheology, single polymer dynamics, kinetic theory, and simulations [49, 74, 53].
Bulk rheological experiments such as flow birefringence [79] and light scattering [80, 81] are
used to infer information regarding polymer conformation orientation in flow, whereas single
molecule techniques have allowed for the direct observation of polymers in shear flow [82],
planar extensional flow [83, 33], and two-dimensional mixed flows [84]. In this way, single
molecule studies have uncovered intriguing information regarding the dynamic behavior of
polymers at the molecular level. For example, observation of polymer dynamics in strong
flows reveals distinct molecular stretching pathways and rich individualistic behavior [83].
In many cases, single molecule methods allow for the determination of the full distribu-
tion of polymer conformations at the molecular level, rather than the mean value of a bulk
property. Experimental observation of chain dynamics in flow has been complemented by sig-
nificant progress in computational modeling, including development of Brownian dynamics
and Monte Carlo simulations.
In general, the modeling of nonequilibrium polymer dynamics using coarse-grained simu-
lations follows a fairly structured approach. Model parameters based on polymer chemistry
Portions of this chapter were previously published in: F. Latinwo and C.M. Schroeder, “Nonequilibrium
Work Relations for Polymer Dynamics in Dilute Solutions”, Macromolecules, 46, 8345-8355 (2013).
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(e.g., elasticity, persistence length, contour length), solution conditions (e.g., Debye length,
solvent quality), or both (e.g., longest polymer relaxation time) are chosen such that simula-
tions accurately capture known (equilibrium) properties of molecules. Using this approach,
the nonequilibrium dynamics of polymer chains are simulated using predetermined parame-
ters, thereby revealing microstructual information and far-from-equilibrium properties such
as chain stretch or solution stresses. Single molecule visualization and Brownian dynamics
simulation of polymer chains provides a particularly powerful combination of complementary
tools to study polymer dynamics [53].
With this in mind, is it possible to approach nonequilibrium polymer dynamics from a
fundamentally different perspective, one in which far-from-equilibrium properties of polymer
chains are used to determine equilibrium fundamental materials properties such as elasticity?
At first glance, this appears to be a daunting task for many reasons, including the highly
dissipative nature of hydrodynamic forces in fluid flow. In this work, we show that equilib-
rium polymer properties such as stored elastic energy and polymer elasticity can be directly
determined from polymer dynamics in a wide array of conditions, including fluid flows with
vorticity and for polymer chains with dominant intramolecular hydrodynamic interactions
(HI). In this way, rheological information can be used to determine characteristic properties
that define specific polymeric systems. Determination of these fundamental properties is en-
abled by nonequilibrium work relations that allow for calculation of equilibrium properties
from far-from-equilibrium information.
Over the last decade, nonequilibrium work relations have been used in the field of bio-
physics in order to study short polymer chains of biological origin (e.g., RNA hairpins).
Most of these experimental methods rely on single molecule techniques such as force spec-
troscopy (e.g., optical tweezers, AFM) in the absence of fluid flow. These methods typically
require complex instrumentation with at least one end of the molecule tethered to a surface
and the other attached to an optically trapped bead, AFM tip, or magnetic bead through
which a conservative force is directly applied [22]. On the other hand, fluid flows can be
used to generate substantial hydrodynamic forces on polymer molecules, which results in
stretching and orientation of polymer chains in flow [23, 53, 74, 77]. However, until recently,
nonequilibrium work relations have not been applied to the field of complex fluids.
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Recent advances in nonequilibrium statistical mechanics [58, 28] via Jarzynski’s equality
(JE) [25, 26] have enabled equilibrium properties to be determined from the work required
to drive a process arbitrarily far from equilibrium. The Jarzynski equality is given as:
e−β∆F = 〈e−βw〉 =
∫
dw p (w) e−βw (4.1)
where ∆F is the free energy change between two states, w is the work done on the system
during a process connecting the states, β = 1/kBT is the inverse Boltzmann temperature
with kB as Boltzmann’s constant and T as absolute temperature, and p(w) is the probability
distribution associated with the work distribution w. In general, JE is a nonequilibrium work
relation that enables the determination of free energy differences between two states from
repeated nonequilibrium work measurements during an arbitrary process. In the original
statement of the JE, the initial and final states of the system were taken to be equilib-
rium states [25]. However, the work relation has also been extended to nonequilibrium
steady-states [57] and non-equilibrated states [58], under certain circumstances. A sufficient
condition for the application of the JE to nonequilibrium steady-states is that the steady-
state distribution function ψsteady can be described by a Boltzmann distribution such that
ψsteady ∝ Φ exp [−βH], where Φ is any arbitrary function and H is the position dependent
Hamiltonian [56].
Prior to the JE and related nonequilibrium work relations, free energy changes between
two states were computed only for reversible processes such that:
∆F = 〈w〉 (4.2)
In many cases, tremendous time scales are required to access these states in a reversible
fashion. Alternatively, the free energy change associated with near equilibrium states is
given by:
∆F = 〈w〉 − β
2
σ2 (4.3)
where σ2 is the variance of the work distribution from repeated work measurements, a result
obtained from linear response theory [85, 86]. In addition, for processes with Gaussian work
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distributions, which is the case near equilibrium or under the stiff spring approximation,
it can be shown that Equation 4.1 reduces to Equation 4.3 [61]. Since the development of
the Jarzynski equality, nonequilibrium work relations have been extensively applied to bio-
physical systems [61, 59, 60, 87, 88, 89, 90] and quantum systems [91, 92, 93, 94, 95] using
experiments and computer simulations. In biophysical applications, free energy changes be-
tween states were determined from pulling DNA and RNA hairpins using force spectroscopy
in the absence of fluid flow over length scales ranging from tens of angstroms to hundreds
of nanometers. In order to develop a practical framework to study complex fluids dynamics
and rheology, however, nonequilibrium work relations need to be applied to systems driven
by fluid flow.
Recently, we developed a framework to determine elasticity from single molecule polymer
dynamics in vorticity-free linear flows [29]. In particular, we applied the nonequilibrium
framework to study synthetic polymers and biopolymers stretched in tethered uniform and
extensional flow, using both Brownian dynamics simulations and analysis of experimental
data [29]. In this way, we calculated equilibrium free energy landscapes and force-extension
relationships for free-draining chains of λ-DNA and polystyrene from their stretching tra-
jectories in flow. However, realistic polymer chains are typically not free-draining molecules.
In dilute solutions, polymer chains are affected by intramolecular hydrodynamic interactions
(HI), wherein segments of a polymer affect solvent velocity, thereby perturbing the motion
of nearby segments of the same polymer that are in close proximity [33]. Intramolecular
HI is especially important for dynamics in the coiled state, wherein interior segments of the
polymer chain are shielded from the full solvent flow field by outer segments of the polymer
chain.
In general, the implications of HI can be significant especially for long and flexible polymer
chains [32, 9, 15]. Regarding equilibrium chain dynamics, HI leads to enhanced diffusivities
(D) and diminished longest relaxation times (τR) for a constant molecular weight (M).
For example, the center-of-mass diffusion constant D and the longest relaxation time τR
follow distinct scalings as a function of number of Kuhn segments (NK) of the polymer
chain, such that D ∼ N−1K and τR ∼ N2K for free-draining chains following Rouse dynamics,
while D ∼ N−0.5K and τR ∼ N1.5K for hydrodynamically interacting chains in a Θ-solvent
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following Zimm dynamics [5, 17]. In the case of far-from-equilibrium dynamics, HI can
lead to even more pronounced and interesting physics. For high molecular weight polymers,
intramolecular HI leads to polymer conformation hysteresis in extensional flow [23, 9, 33],
while in confined geometries, HI results in distinct mobility and chain migration dynamics
[10, 11, 96, 97]. Although the effect of HI on chain dynamics is understood, the implication
of HI on nonequilibrium work relations remains largely unknown [30].
In addition to hydrodynamic interactions, vorticity plays a key role in polymer dynamics.
For example, vorticity leads to characteristic tumbling dynamics of flexible and semi-flexible
polymer chains in shear flows [98, 99, 100, 24, 101]. Shear flow is a linear flow with equal
contributions of pure rotation and pure deformation [67], which results in an interesting
interplay between polymer stretching, tumbling, and restretching events. [82, 24, 101]. Re-
cently, the dynamics of polymers in shear flow have been studied in the context of nonequi-
librium work relations and corresponding fluctuation theorems [66, 73, 102], albeit using
single-mode Hookean dumbbell models of polymer chains. Hookean force relations provide a
strictly linear elasticity, which results in unphysical behavior in strong flows [74]. From this
view, prior work has applied nonequilibirum work relations to Hookean dumbbell models of
polymer chains in shear flow, but results have largely been limited to the weak shear rate
regime. Application of the JE to polymers in strong shear flow is of particular interest from
a rheological and thermodynamic perspective [102].
Here, we report the determination of fundamental materials properties by applying the JE
to polymer chains in a wide range of linear flows. We use Brownian dynamics simulations to
carefully extract the free energy landscape of polymer chains, which allows for the determina-
tion of chain elasticity for free-draining and non-free-draining polymers in tethered uniform
flow, planar extensional flow, and shear flow. In particular, we consider elastic models that
describe synthetic polymer molecules such as polystyrene and biopolymers such as double
stranded DNA. Finally, we make connections between nonequilibrium work quantities such
as housekeeping power to well known rheological quantities, and we derive expressions that
deepen our understanding of this framework. In this way, we demonstrate the general ap-
plicability of using this new formalism in nonequilibrium statistical mechanics to elucidate
fundamental properties from polymer dynamics.
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4.2 Brownian Dynamics Simulations and Work Calculations
Jarzynski’s equality relies on nonequilibrium work values for an arbitrary process [25]. There-
fore, the application of JE to Brownian dynamics simulations of single polymer molecules
stretched by flow requires an accurate definition of the work exerted by the fluid on the
polymer in flow. In previous applications of the JE involving force spectroscopy (e.g., opti-
cal tweezers), work is defined simply as force exerted over a specified distance. For particles
(and polymers) in flow, work is rigorously defined through by the following relation [29, 66]:
dw ≡
[
∂
∂t
U +
Nb∑
i=1
(
u (ri) · ∂
∂ri
U + fi · [r˙i − u (ri)]
)]
dt (4.4)
where U is the net potential energy experienced by a particle, which is directly related to the
connector potential φc in simulations and is explicitly independent of time, and fi accounts
for nonconservative forces other than hydrodynamic flow exerted on particles. Note that
the applied work for nonconservative forces (e.g., solid-solid friction) can be expressed as
fi · dri. However, in our simulations, fi = 0. The first two terms on the right hand side
of Equation 4.4 are the material (or convective) derivative of U , which describes the total
time rate of change of the potential energy, analogous to the transport of momentum in fluid
motion given by the Navier-Stokes equation [67]. It is convenient to recast Equation 4.4 in
dimensionless form in terms of spring connector vectors such that:
w =
∫ ( N∑
i=1
Pe (κ ·Qi) · Fsi
)
dt (4.5)
In this study, we define terminal states as given by a predefined molecular stretch or
extension, such that the work done by the fluid is calculated in transitioning the polymer
from an initial molecular extension to a final molecular extension. With this definition, the
free energy change between states (defined by constant molecular extensions) is determined
by applying JE in dimensionless form:
∆F = − ln
[
1
Nt
Nt∑
k=1
exp (−wk)
]
(4.6)
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whereNt is the total number of trajectories in the ensemble exponential average. The number
of trajectories required to yield reasonable estimates of the free energy change between states
depends on the dissipated work 〈wd〉 = 〈w〉−∆F [103]. This number becomes prohibitively
large when 〈wd〉  kBT , which can limit the application of JE to microscopic systems [59].
As discussed below, strategies have been developed to ensure that the work calculation is
tractable.
Based on the work definition in Equation 4.5, the work dw exerted by the fluid on the
polymer during a time step ∆t depends only the the spring connector vectors Qti and the
elasticity in the springs Fs,tj . Therefore, once the single trajectories of the polymer are
known, the work done by the fluid can be calculated. The work computed for a trajectory
k is given by:
wk =
Ne∑
n=0
N∑
i=1
Pe
(
κ ·Qt+n∆ti
) · Fs,t+n∆ti ∆t (4.7)
where t = 0 at the beginning of the simulation, and Ne is the number of time steps in
simulating trajectory k. As an aside, we note that the work calculation can also be performed
using the hydrodynamic drag exerted by the fluid on the polymer chain, which is useful in
analyzing experimental data [29]. In brief, the work definition utilized in the analysis of
single-molecule experimental data is of the same functional form as in Eqs. 4.4 and 4.7.
However, in the work expression used in the experimental analysis, the spring force is replaced
by the hydrodynamic drag force using Zimm and slender-body theory [29]. Nevertheless, in
this study, we use the work definition given by Equation 4.5. When considering the work
done by the fluid to stretch a polymer to predefined extension, the calculation is terminated
at the first instance that the chain reaches the final extension; therefore, Ne varies for each
trajectory due to the stochasticity associated with the Brownian forces in thermal motion.
When considering housekeeping power, Ne is constant for all trajectories because we are
concerned with the rate of the average work done over all trajectories after the molecule has
reached an average steady-state (see section on section 4.2.2). Indeed, it is this consideration
that enables us to relate the housekeeping power to viscometric functions by relying on the
assumption of ergodicity [29].
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4.2.1 Stratification
Processes driven by fluid flow result in highly nonequilibrium conditions, thereby generating
large amounts of dissipated work. In applying the JE to polymer molecules in flow, we
employ a strategy known as stratification to overcome the limitations associated with highly
dissipative processes driving overall large free energy changes [75]. We divide a process
associated with a large free energy change ∆Ftot into Ntot sub-processes with smaller free
energy changes, and we determine the work distribution p (wi) for each i sub-process. We
then apply the JE to each sub-process to determine the associated free energy change ∆Fi.
Because free energy is a thermodynamic state variable and is additive [76], we can determine
the total free energy change ∆Ftot by summing over the sub-processes such that ∆Ftot =∑Ntot
i=1 ∆Fi. Moreover, determination of the total free energy change using this approach is
generally convenient, because it allows the free energy landscape to be mapped as a function
of molecular extension, which define our sub-processes.
We employ two methods in applying the stratification strategy to our calculations. In
Strategy I, we apply small successive step functions to the flow strength and allow a polymer
molecule to reach its average steady-state extension at each successive flow rate [29]. In
Strategy II, we apply a large step function to the flow strength and calculate the work
required to transition between successive predefined molecular extensions. Both strategies
are valid for work calculations, because we have defined our terminal states by molecular
extension. In brief, we note that the equilibrium statement of the JE requires that the
initial states be “equilibrated”. This requirement is inherently satisfied in typical bead-
spring models of polymeric materials because the chain elasticity at all times depends only
on the molecular extension of the polymer chain. Furthermore, it should be noted that in
both cases, the final states are defined by a fixed molecular extension, but we anticipate that
Strategy II will yield larger values of dissipated work due to the larger overall step in flow
strength.
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4.2.2 Housekeeping power
Calculation of the work exerted by the fluid to stretch a polymer chain enables the determi-
nation of the equilibrium free energy landscape and elasticity. In this case, the work done
by the fluid on the polymer is computed from time zero until the first time the polymer
reaches a predefined molecular stretch. In addition to this calculation, it also is instructive
to consider the work exerted by the fluid to maintain an average steady-state stretch, which
is the work required to maintain an average nonequilibrium molecular extension in flow.
Here, we define the housekeeping power (or applied power) as the rate of work performed
by an external agent to maintain a polymer chain at a given average steady-state [29, 66].
There is a sharp contrast between the case where a molecule is maintained at an average
steady-state by conservative forces and the case where it is maintained by nonconservative
forces, such as those encountered in hydrodynamic flows. For conservative forces, the ap-
plied power P ≡ 〈w˙〉 is exactly zero, which is indicative of thermodynamic equilibrium. For
hydrodynamic flows involving dissipative forces, P is a non-zero constant for steady flows
and is intimately related to bulk polymer viscometric functions for dilute polymer solutions
in linear flows [29]. In this work, we carefully investigate the effect of HI and vorticity on
the housekeeping power for polymers in hydrodynamic flows.
4.3 Results and Discussion
4.3.1 Free energy calculations using the JE
As a starting point, we determined the work required to stretch polymers in planar exten-
sional flow. To begin, we simulated the dynamics of λ-DNA in flow using a free-draining
dumbbell model, where h∗ = 0 and Nb = 2. For over 15 years, λ-DNA has been used as a
model polymer chain in single polymer experiments; λ-DNA labeled with intercalating dyes
such as YOYO-1 has a contour length L = 21 µm, Kuhn step size bK = 132 nm, and approxi-
mately NK = 159 Kuhn steps [53]. We calculate the work done by the fluid to stretch a single
polymer chain from an initial molecular extension (State a) to a predefined final molecular
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Figure 4.1: Transient work trajectories for stretching λ-DNA in extensional flow at
Wi=0.63. In this case, polymer molecules are stretched from a fractional extension
x/L = 0.32 to 0.38 at a constant Wi. Thin lines represent individual trajectories and thick
lines represent ensemble average
extension (State b). After a given polymer molecule reaches a predefined final State b, work
calculations are halted for the trajectory. After the stretching event has concluded, it may
be envisioned that the molecule is maintained at State b by a conservative force such that
no additional work is performed on the molecule after reaching the final state; however, this
is merely a construct to conceptualize the process.
Representative transient work values and the corresponding ensemble average of the work
performed by the fluid to stretch λ-DNA during a particular event are shown in Figure 4.1.
During this stretching event, λ-DNA is transitioned from a fractional extension x/L = 0.32
(State a) to x/L = 0.38 (State b) in planar extensional flow at a flow strength of Wi = 0.63.
In determining the work distribution w required to stretch a polymer from the initial to
final state, we only focus on the work required to reach the final extension. Therefore, the
incremental work done by the fluid is zero after a given molecular trajectory reaches State
b, which results in apparent plateaus in transient work values for single polymers shown
in Figure 4.1. Our results show that different polymer chains reach their final extension
(State b) at different times, which is consistent with a stochastic stretching process, thereby
yielding a distribution of work values.
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To further understand the origin of the work distribution for the process shown in Fig-
ure 4.1, we examine transient work trajectories for single chains responding to an imposed
fixed flow rate (Figure 4.2). Overall, we observe two general classes of stretching events, as
interpreted through transient work values: (1) trajectories with accumulated work values
less than the average work, and (2) trajectories with accumulated work values much greater
than the average work. A molecular trajectory with a work value less than the average work
is shown in Figure 4.2(a). Stretching trajectories that yield small work values typically cor-
respond to processes that are strongly dominated by stretching events, with few contracting
events during the process. However, larger work values correspond to trajectories where the
molecule spends a significant time contracting, which is interesting given that the overall
process is a stretching event (Figures 4.2(b)-(c)). During a molecular contraction event in
flow, the transient work increases in a concave-down manner because the incremental work
decreases relative to a pure instantaneous stretching event. We note that the contraction
event is due to the stochastic nature of single polymer dynamics at the imposed fixed flow
rate. Nevertheless, the fluid continues to do work on the polymer chain, and the transient
work continues to increase with a positive slope. On the other hand, during molecular
stretching events, incremental work values generally increase relative to static stretch or
contraction events, thereby yielding a concave-up shape of the transient work. Many indi-
vidual stretching trajectories exhibit both contraction and stretching events, as shown in
Figure 4.2(b).
In this study, the system is defined as a polymer molecule at a fixed molecular exten-
sion. Here, we consider dynamic processes wherein a molecule is stretched from an initial
molecular extension to a predefined final molecular extension by an imposed flow field. After
determining the work distribution for a dynamic process, the JE can be applied to calculate
the free energy difference for the given process (Figure 4.3). In particular, we divide a large
process into a set of smaller sub-processes using the method of stratification. In this way, we
can apply the JE using the work distribution for each sub-process (as given by Equation 4.1),
and then sum the energies together to determine the free energy change for a large process.
For example, we determined the work distribution for the dynamic process shown in Fig-
ure 4.1 by building a histogram of work done by the fluid to stretch λ-DNA from x/L = 0.32
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Figure 4.2: Individual trajectories of transient work and corresponding transient molecular
stretch for free-draining polymer dumbbell model of λ-DNA in extensional flow at
Wi = 0.63, where molecules stretched from x/L = 0.32 to 0.38. Thin lines represent
individual trajectories and thick lines represent ensemble average (a) Trajectory for a
process where the work done by the fluid on the molecule is less than average transient
work. (b) Trajectory for a process where the work done by the fluid on the molecule is
greater than average transient work. (c) Trajectory for a process where the work done by
fluid on the molecule is significantly greater than average transient work.
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to 0.38 at a flow strength of Wi = 0.63 over several realizations (inset of Figure 4.3(a)).
In an analogous manner, simulations of several sub-processes are performed for different
flow strengths. Using this approach, we can determine the entire equilibrium free energy
landscape of λ-DNA as a function of molecular extension, remarkably over three orders of
magnitude in energy, as shown in Figure 4.3(a). Interestingly, the free energy change asso-
ciated with molecular transitions between states of constant molecular extension correspond
exactly to the stored elastic energy in polymer chain [29]. In a second scenario, the system
could be defined as a polymer molecule maintained in flow at a fixed flow strength or Wi. In
this case, the dynamic process involves transitioning the system in a finite protocol from an
initial Wi (State a) to a final Wi (State b). For this process, the work definition is entirely
different from that in Eqs. 4.4 and 4.7. Furthermore, the application of Jarzynski equality
to this scenario allows for the determination of a fundamentally different energy landscape
altogether; this is subject of future work. Nevertheless, the present method considers states
of constant molecular extension, and by using this method, we can determine the free en-
ergy difference to be within ±1 kBT of the analytic value obtained from integrating the
Marko-Siggia force relation.
We further validated our method by studying the stretching dynamics of polymers in other
flows. In addition to determining the stored elastic energy from stretching DNA in planar
extensional flow, we also simulated the stretching dynamics of λ-DNA in uniform flow using
a free-draining dumbbell model. In this simulation, one terminus of the polymer chain is
tethered to a fixed position in the flow field. The inset in Figure 4.3(b) shows the work
distribution for a sub-process in which a molecule is stretched from a fractional extension
x/L = 0.63 to 0.65 in a uniform flow at a flow strength of Pe = 9. By applying the JE and
employing the strategy of stratification, we are able to determine the free energy landscape
of λ-DNA in uniform flow as shown in Figure 4.3(b). Beyond applying our method to
extract the equilibrium free energy landscape of biopolymers from stretching trajectories in
flow, we further validated our approach by studying the stretching dynamics of polystyrene
(PS) molecules in planar extensional flow. Figure 4.3(c) shows the equilibrium free energy
landscape determined from applying the JE to work distributions obtained from the analysis
of simulated free-draining stretching trajectories of PS molecules (contour length L = 1.2
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Figure 4.3: Equilibrium free energy landscape for λ-DNA (contour length, L ≈ 21 µm) and
polystyrene (L ≈ 1.2 µm) determined from nonequilibrium dynamic simulations in general
flows using the JE. The free energy at zero extension is defined as the reference state or
zero energy. (a) Energy landscape for DNA molecules stretched in planar extensional flow.
(Inset) Histogram showing distribution of work values required to stretch DNA molecules
from Wi = 0.59 to Wi = 0.63, corresponding to a change in fractional extension from
x/L ≈ 0.32 to 0.38. (b) Energy landscape for DNA molecules stretched in tethered uniform
flow. (Inset) Histogram showing distribution of work values required to stretch DNA
molecules from Pe = 8 to Pe = 9, corresponding to a change in fractional extension from
x/L ≈ 0.63 to 0.65. (c) Energy landscape for PS molecules stretched in planar extensional
flow. (Inset) Histogram showing distribution of work values required to stretch PS
molecules from Wi = 0.44 to Wi = 0.49, corresponding to a change in fractional extension
from x/L ≈ 0.06 to 0.13.
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µm) in planar extensional flow. The inset in Figure 4.3(c) shows a typical work distribution
for a sub-process in which a PS molecule is stretched from a fractional extension x/L = 0.06
to 0.13 in a planar extensional flow at a Wi = 0.49. Overall, our results from the analysis of
PS molecules in flow are in good agreement with the analytic stored elastic energy obtained
by directly integrating the Pade´ approximation to the inverse-Langevin chain (ILC) relation
with respect to molecular extension.
Free energy calculations demonstrate that the JE is applicable to free-draining models
of polymer chains in vorticity-free linear flows. The equations of motion describing free-
draining models of polymer chains are characterized by additive stochasticity. However,
for models of polymer chains that incorporate fluctuating HI, the equations of motion are
characterized by multiplicative stochasticity [35]. In order to demonstrate the robustness of
our framework in the presence of HI, and therefore multiplicative stochasticity, we perform
free energy calculations for multi-bead-spring models with fluctuating HI. In particular, we
simulate the dynamics of λ-DNA using a multi-bead model with h∗ = 0.12 and Nb = 10,
parameters which are similar to prior work on λ-DNA [32]. Here, we employ the stratification
Strategy II, wherein a large step function in strain rate is applied, and the work done by
the fluid to stretch a polymer to a predefined molecular extension is determined. This
strategy is especially advantageous in that single chains are not held or maintained at their
corresponding average nonequilibrium steady-state extension before stepping to the next the
flow strength. This approach is particularly convenient due to the significant computational
expense for simulation polymer chains with fluctuating HI.
We determined the equilibrium free energy for polymer chains modeled using coarse-
grained multi-bead-spring chains with fluctuating HI (Figure 4.4). Figures 4.4(a) and 4.4(b)
show the free energy landscape of λ-DNA determined using stratification Strategy II at
Wi = 0.8 in planar extensional flow and shear flow, respectively. In Strategy II, a molecule
is stretched from a coiled state (equilibrated under no flow) to a final average stretched state
at a given flow strength or Wi. The insets of Figures 4.4(a) and 4.4(b) show the correspond-
ing transient trajectory of the ensemble average molecular extension of λ-DNA at Wi = 0.8
in an imposed extensional flow and shear flow respectively. In applying Strategy II, we de-
termine the work done by the fluid as a molecule transitions between predefined molecular
59
 0
 20
 40
 60
 80
 100
 120
 140
 0  0.25  0.5
Fr
ee
 e
ne
rg
y (
k B
T)
Fractional extension
Integrated Marko−Siggia
Jarzynski equality
 0
 0.2
 0.4
 0.6
 0  100  200  300
<x
>/
L
Dimensionless time
 0
 20
 40
 60
 80
 100
 0  0.25  0.5
Fr
ee
 e
ne
rg
y (
k B
T)
Fractional extension
Integrated Marko−Siggia
Jarzynski equality
 0
 0.1
 0.2
 0.3
 0  100  200
<x
>/
L
Dimensionless time
(a) (b)
Figure 4.4: Equilibrium free energy landscape from multi-bead-spring model with
fluctuating HI for λ-DNA in general flows using the JE with stratification Strategy II. The
free energy at zero extension is defined as the reference state or zero energy. (a) Energy
landscape for molecules stretched in extensional flow at Wi = 0.8. (Inset) Corresponding
transient ensemble average fractional extension. (b) Energy landscape for molecules
stretched in shear flow at Wi = 0.8. (Inset) Corresponding transient ensemble average
fractional extension.
extensions which prescribe the sub-processes. In planar extensional flow, we observe that the
free energy landscape can be determined up to a molecular extension that corresponds to the
final average molecular extension reached by the polymer (Figure 4.4(a)). Interestingly, in
shear flow, we observe that the free energy landscape can be determined significantly beyond
the the molecular extension that corresponds to the final average extension reached by the
polymer (Figure 4.4(b)). This is mainly due to the tumbling dynamics observed in shear flow;
an individual trajectory for a molecule in shear flow explores a wide range of molecular ex-
tension as a molecule stretches, tumbles, collapses, and restretches [24, 101]. Therefore, our
results suggest that the application of nonequilibrium work relations to molecules in shear
flow allows for the determination of the free energy landscape of the molecule well-beyond
its average molecular extension in flow.
Finally, we can combine both stratification strategies to determine the stored elastic energy
of the molecule for even higher energies as shown in Figure 4.5. Here, we apply successive and
large steps in flow strength to stretch the molecule between nonequilibrium steady-states,
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Figure 4.5: Equilibrium free energy landscape from multi-bead-spring model with
fluctuating HI for λ-DNA in extensional flow. In this case, polymer molecules are
initialized at an equilibrium average extension and are stretched by extensional flow using
both stratification strategies.
akin to stratification Strategy I. Within each large step in flow strength, the work done by the
fluid on the polymer is determined as the molecule transitions between predefined molecular
extensions which prescribes the sub-process, akin to stratification Strategy II. Based on the
work distribution for each sub-process, the free energy change between molecular extensions
is calculated by applying the JE. The combination of both stratification strategies allows
for efficient determination of the free energy landscape of the molecule. Furthermore, in all
cases (Figures 4.3 to 4.5), once the free energy landscape is determined, chain elasticity can
easily be calculated as the derivative of the energy with respect to molecular extension [29].
4.3.2 Housekeeping power
Housekeeping power (or applied power) is defined as the rate of work required for the fluid
to maintain a polymer molecule at a constant average steady-state extension in flow. In this
61
−20
 0
 20
 40
 60
 80
 0  20  40  60  80  100
W
or
k (
k B
T)
t/λH
 0  100  200  300  400
Count
(a) (b)
<W>Indiv. Work
Figure 4.6: Housekeeping power for λ-DNA in shear flow at Wi = 0.45. (a) Transient
individual (thin lines) work trajectories and ensemble average (thick line) work trajectory.
(b) Jarzynski work distribution after ≈ 100 relaxation times.
way, the fluid continues to perform work on a polymer in order to maintain a nonequilib-
rium steady-state. In brief, we calculate the transient work beyond the first time a molecule
reaches its target predefined steady-state extension for several flow strengths in shear flow
(Figure 4.6) and planar extensional flow (Figure 4.7). Transient work for single trajectories
and the corresponding ensemble average work for λ-DNA modeled as a free-draining dumb-
bells stretched at Wi = 0.45 in shear and extensional flow are shown in Figures 4.6(a) and
4.7(a), respectively. In both cases, we observe the average work increases linearly with time
at long times. This indicates that the housekeeping power can be defined more as:
P = lim
t→∞
d〈W 〉
dt
, (4.8)
such that P is a non-zero constant in agreement with the predictions for steady-states main-
tained by nonconservative forces as in hydrodynamic flows [66].
In order to deepen our understanding of the nature of the housekeeping power, we in-
vestigated more closely the work distributions in linear flows. Figures 4.6(b) and 4.7(b)
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Figure 4.7: Housekeeping power for λ-DNA in extensional flow at Wi = 0.45. (a) Transient
individual (thin lines) work trajectories and ensemble average (thick line) work trajectory.
(b) Jarzynski work distribution after ≈ 100 relaxation times.
show the corresponding work distribution after ≈ 100 relaxation times in shear flow and
extensional flow. In the case of shear flow, we observe a near Gaussian work distribution,
which indicates that the average state of molecule is near “equilibrium” at this flow strength
(Figure 4.6(b)) [61]. Indeed, a near Gaussian work distribution might be expected because
the molecule remains (on average) in the compact configuration in shear flow at Wi = 0.45.
However, a small fraction of trajectories exhibit negative work values in shear flow, which
is a striking feature of the work distribution. Negative work corresponds to trajectories in
which a molecule spends more time contracting than stretching, which is plausible in weak
shear flow due to vorticity. However, we do not observe any trajectories with negative work
values for polymers in extensional flow at Wi = 0.45, as shown in Figure 4.7(b). Extensional
flow is a strong flow with the ability to induce highly stretched polymer conformations in
flow, which generally results in the molecule undergoing significantly more stretching events
relative to contraction events. In addition, we observe that the average transient work in
extensional flow is an order of magnitude larger than in shear flow at Wi = 0.45. In exten-
sional flow, a polymer chain will be stretched to (on average) a higher molecular extension
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compared to shear flow; therefore, the fluid performs more work to maintain the average
steady-state in extensional flow relative to shear.
Figure 4.8 shows the transient average work at different flow strengths for λ-DNA mod-
eled as a free-draining dumbbell in planar extensional flow (Figure 4.8(a)) and shear flow
(Figure 4.8(b)). The insets in Figures 4.8(a) and (b) show the transient average work at
short times. In both cases, we observe that the average transient work is nonlinear at short
times, thereby indicating that the average steady-state has not be reached. However, in all
cases, we observe a linear increase in the average transient work at long times, indicative
of an average steady-state maintained by nonconservative forces. The slope of a transient
average work trajectory yields the housekeeping power for the corresponding flow strength.
Housekeeping power as a function of flow strength for λ-DNA is shown in Figure 4.9.
We determined housekeeping power for non-free-draining behavior of λ-DNA using multi-
bead-spring models with fluctuating HI. In this case, we show housekeeping power in units
of kBT/τR, which is the ratio of thermal energy to the relaxation time of the molecule.
We observe clear power-law scalings of housekeeping power as function of flow strength,
and we determine the scaling exponent in different flow regimes for the non free-draining
chains. Based on the scaling exponents, we observe that the inclusion of HI plays a fairly
insignificant role in the relationship between the housekeeping power and flow strength,
especially at higher flow strengths when compared with the free-draining scalings [29].
Furthermore, we systematically investigate the fundamental relationship between house-
keeping power (P ) and molecular weight (M) or number of Kuhn segments (NK) at a given
temperature and Weissenberg number. In determining this relationship, we first consider
the simple case of Rouse chains in a shear flow. In particular, we note that for such a system,
the polymer contribution to the viscosity (ηp) is given as [74]:
ηp = nkBT
ζ
4H
(
N2b − 1
3
)
, (4.9)
where n is the number density of polymer chains. Furthermore, based on our recent work [29],
the housekeeping power is related to ηp simply through P = γ˙
2ηp. The development of this
relationship is based on the Kramers-Kirkwood expression for the stress tensor, noting that
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Figure 4.8: Transient average work in housekeeping power simulations at flow strengths
ranging from Wi = 0.09 to 900. (a) Free-draining dumbbell model of λ-DNA in planar
extensional flow. (b) Free-draining dumbbell model of λ-DNA in shear flow.
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Figure 4.9: Housekeeping power as a function of flow strength for λ-DNA with
hydrodynamic interactions in linear flows
the housekeeping power is directly related to the nonisotropic contribution of the polymer
to the solution viscosity [29]. Based on this relationship, the Rouse scaling for the longest
relaxation time in the long chain limit (Nb ≈ Ns  1), and Equation 4.9, we can express
the housekeeping power for a single Rouse chain in shear flow simply as:
P ∼ kBT
λH
Wi2N−2b (4.10)
Using Equation 4.10, we find that P ∼ Wi2 for a Rouse chain in shear flow, which is in
good agreement with the simulation results at weak shear flows [29]. In addition, based on
the relationship established in Equation 4.10, we observe that for a constant Wi in the long
chain limit, P ∼ N−2s ∼ N−2K . This result establishes the scaling relationship between P
and NK for Rouse chains in shear flow. We note that this relationship is expected because
at a constant Wi, the other longest available time scale is the relaxation time τR, and a
dimensional analysis suggests that P ∼ τ−1R . Despite this analysis, there is still need for a
detailed analytical theory that connects housekeeping power to polymer chain size.
Finally, beyond the analysis of Rouse chains in shear flow and in order to validate our pro-
posed scalings, we performed simulations to determine the relationship between the house-
keeping power and chain size for dsDNA molecules. We achieved this by determining the
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Figure 4.10: Relationship between housekeeping power and chain size (number of springs,
Ns) for dsDNA in a shear flow at Wi = 0.7. (a) Multi-bead-spring chains with no
hydrodynamic interactions, and (b) with hydrodynamic interactions.
housekeeping power from our simulations at a fixed Wi for chains with different contour
lengths such that the number of springs (Ns) is varied while the number of Kuhn seg-
ments per spring (NK,s) is held constant. Using this approach, our results for long dsDNA
molecules in shear flow at Wi = 0.7 modeled without and with hydrodynamic interactions
and in the long chain limit, we find that P ∼ N−2.1s for no HI, and P ∼ N−1.4s for HI as
shown in Figure 4.10(a) and (b) respectively. These scaling results are in good agreement
with our proposed scalings based on a dimensional analysis noting Rouse and Zimm dy-
namics. Overall, from a polymer processing perspective, these results suggests that more
housekeeping energy per time is required to maintain lower molecular weight polymers at
an average steady-state at a given Wi. Furthermore, this energetic effect is less pronounced
for truly flexible polymers where hydrodynamic interactions are dominant.
4.4 Conclusions
In this work, we demonstrate the general utility of applying nonequilibrium work relations via
the Jarzynski equality to the dynamics of polymer chains in flow. In particular, we employ
coarse-grained dumbbell and multi-bead-spring models for polymers with fluctuating HI to
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directly determine the stored elastic energy from far-from-equilibrium dynamics. We further
demonstrate that our framework for determining materials properties can be applied to linear
flows with or without vorticity. In addition, we investigate the inclusion of hydrodynamic
interactions on the Jarzynski formalism in the context of housekeeping power defined as
the energy expended by the fluid per time required to maintain a molecule at steady-state.
Our findings suggest that the inclusion of HI does not affect the relationship between the
housekeeping power and the applied flow strength. Finally, we derive simple relationships
that connect the housekeeping power to polymer molecular weight in the Rouse and Zimm
limits.
Our framework to determine the elastic energy from stretching trajectories of single poly-
mers in flow can also serve as a validation tool for simulation techniques employed by rhe-
ologists. Indeed, our results demonstrate that coarse-grained models of polymers, as are
commonly used in Brownian dynamics simulations, are thermodynamically self-consistent in
the context of nonequilibrium work theorems. Beyond this, by relating the Jarzynski work
to the housekeeping power in flowing dilute polymer solutions at steady-state, we provide
a formalism to further distinguish between shear and extensional flows, and free-draining
and non-free-draining behavior of polymers in terms of energy dissipation. In this way, we
believe that nonequilibrium work relations present a powerful set of tools to investigate and
deepen our understanding of soft materials in highly nonequilibrium flows.
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CHAPTER 5
NONEQUILIBRIUM THERMODYNAMIC
LANDSCAPES OF FLOWING DILUTE POLYMER
SOLUTIONS
Equilibrium thermodynamics provides an elegant framework for characterizing the prop-
erties of a system. Using classical thermodynamics, it is possible to define the state of a
system at equilibrium by determining quantities such as free energy and entropy. In nature,
however, biological and industrial processes often occur far-from-equilibrium. Moreover,
in industrial processing, complex materials such as polymer melts and nanocomposites are
often deformed under highly nonequilibrium conditions. From this perspective, there is a
strong need for a thermodynamic framework that allows for system characterization under
nonequilibrium flow conditions [104, 78, 57, 105].
The ability to determine the nonequilibrium thermodynamic properties of flowing polymer
solutions from measurable quantities such as work is a major challenge in the field [23, 9,
106, 107, 108]. Prior studies have focused on providing a thermodynamic description of
complex fluids in flow based on the GENERIC (general equation for the nonequilibirium
reversible-irreversible coupling) formalism [109, 110, 111]. Using steady-state ensembles, this
formalism enabled the development of nonequilibrium Maxwell’s relations and determination
of steady-state properties for polymeric liquids [111].
Recently, the development of a class of identities known as fluctuation theorems (FTs)
and work relations have provided a framework to understand equilibrium steady-states (ESS)
and nonequilibrium steady-states (NESS) and the transitions between states [57, 112, 27,
113, 25, 28]. Jarzynski derived an equality that allows for the determination of equilibrium
free energy differences from nonequilibrium work measurements [25], and Hatano and Sasa
further derived a related second law for steady-state thermodynamics [57]. In addition
The experimental results in this chapter were performed with support from Christopher Brockman.
Portions of this chapter are in preparation for publication elsewhere.
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to the development of FTs, careful numerical and experimental investigations have tested
and demonstrated the validity of FTs, with several reports focusing on equilibrium states
[59, 60, 72, 61, 114]. Importantly, in the context of nonequilibrium energies, an expression
has been developed that allows for determining nonequilibrium thermodynamic quantities
albeit for systems near-equilibrium [115].
Here, we report the direct determination of the far-from-equilibrium thermodynamic prop-
erties of flowing dilute polymer solutions from measurable quantities using work relations
coupled with numerical simulations and single molecule experiments. In this way, we apply
work relations to analyze nonequilibrium steady-states for flowing polymer systems, thereby
calculating quantities such as free energy and entropy for flowing systems. This approach
has the potential to reveal new information regarding the fundamental properties of com-
plex fluids systems, which can be used to optimize materials processing applications. In this
work, we consider a model system of fundamental and practical importance, single DNA
molecules in flow. From a practical perspective, strong flows such as extensional flow are
ubiquitous in materials processing and form the basis of polymer extrusion and injection
molding [74].
5.1 Theory
5.1.1 Distinction between ESS and NESS
First, we distinguish between equilibrium and nonequilibrium steady-states in polymeric
systems. Consider a classical system in contact with a heat bath at temperature T , such
that the evolution of the configuration probability distribution p is described by the Fokker-
Planck equation. For such a system at an ESS, the transient and spatial rates of change of
the probability distribution function are exactly zero. However, for a NESS, only the time
derivative is zero, while the spatial derivative is a non-zero constant.
In the context of Langevin systems, an equilibrium steady-state determined by a parameter
λ is one where the probability, pess (x, λ), of finding the system in a given configuration x
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follows the Boltzmann distribution such that:
pess =
exp [−βU (x, λ)]
Zess
, (5.1)
where β−1 is the Boltzmann temperature kBT , U is the potential energy function of the
system, Zess = e
−βF is the normalization constant or partition function, and F (λ) is the
Helmholtz free energy of the equilibrium state. The choice of the parameter λ defines the
equilibrium state, where λ may represent the volume of a gas, or the molecular stretch (or
extension) for a polymer. Furthermore, in the context of fluctuation theorems and work
relations, there exists a large body of work that have analyzed equilibrium steady-states
[112]. In a recent demonstration for polymeric systems, a work relation was utilized to
determine equilibrium properties from nonequilibrium transitions induced by hydrodynamic
flows [29, 15]. In that study, the equilibrium steady-state was conceptualized as a polymer
maintained at a fixed molecular extension in the absence of flow.
For a nonequilibrium steady-state, however, the distribution function pness may not follow
a Boltzmann distribution. In fact, the normalization constant of pness, Zness = e
−βF ∗ is not
directly related to its Helmholtz free energy, but to an effective free energy F ∗ (α), where
α is the set of control parameters that define the nonequilibrium steady-state. For flowing
systems, the control parameters include the flow strength used to process a polymer solution,
such that α = {λ, f}, where f is the flow rate. There is a class of nonequilibrium steady-
states such that pness = Z
−1
nesse
−β(U+χ), where χ (x, f) is an energy related to a flow potential.
In this case, the Helmholtz energy for the steady-state is given simply as F = F ∗− 〈χ〉 (see
section 5.1.3 and Table 5.1). A few examples of this class of systems include free-draining
polymer solutions in steady potential or extensional flows, Hookean dumbbells in a shear
flow, and polymer melts in a weak shear flow [74, 106]. In the context of fluctuation theorems
and work relations, there are significantly fewer studies involving NESS when compared to
ESS. Furthermore, there is limited numerical or experimental progress in the free energy
recovery of NESS from nonequilibirum data [112]. In this study, we report the free energy
of a system with nonequilibrium steady-states. In particular, our system of NESS is a single
polymer molecule in an extensional flow maintained at a fixed flow strength.
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Table 5.1: Distinction between equilibrium steady-states (ESS) and nonequilibrium
steady-states (NESS) in potential flows
Property ESS NESS
Steady-state distribution function, pss Z
−1
ess exp [−βU ] Z−1ness exp [−β (U + χ)]
Thermodynamic functions F , 〈U〉, S F , 〈U〉, S, F ∗, 〈χ〉
Relationship between Helmholtz free energy, F
and partition function, Z F = −β−1 lnZess F ∗ = F + 〈χ〉 = −β−1 lnZness
In order to investigate the thermodynamics of such systems, the Helmholtz free energy
must be determined with respect to the set of control parameters α. Work relations such
as the Jarzynski equality (JE) allow for the determination of Helmholtz free energy differ-
ences between ESS. Here, a system is moved between equilibrium states via nonequilibrium
transitions, and repeated measurements of the work are used to determine the free energy
changes. A related equality was developed for determining the effective free energy dif-
ferences between NESS, but it requires knowledge of the potential energy function of the
system [57]. In this work, we utilize an equality similar in spirit to the Hatano and Sasa
relation [57], albeit one that does not require explicit knowledge or characterization of the
potential energy function of the system. This equality allows for the direct determination of
the complete nonequilibrium Helmholtz free energy landscape of systems in potential flows
from experimentally measurable quantities, and further provides a platform for the detailed
study of the nonequilibrium thermodynamics of steady-states.
5.1.2 Work expression in polymeric systems
To begin, we follow closely the relation given by Hatano and Sasa [57], which was derived
for equilibrium and nonequilibrium steady-states governed by Langevin dynamics:
〈
exp
[
−
∫ τ
0
dt α˙ · ∂φ (x;α)
∂α
]〉
= 1, (5.2)
where 〈· · · 〉 represents an ensemble averaged quantity initialized at steady-state (equilibrium
or nonequilibrium), φ = − log pss (x;α) and pss is probability distribution of the steady-
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state determined by the set of control parameters α = {λ, f}, and τ is the time required
to transition between steady-states given by α1 to α2. Inserting the distribution function
for nonequilibrium steady-states in potential flows pness driven solely by changes in f into
Equation 5.2 and taking the derivative with respect to the control parameter, we obtain the
equality:
exp(−β∆F ∗) =
〈
exp
[
−β
∫ τ
0
dt f˙
∂χ(x; f)
∂f
]〉
. (5.3)
Equation (5.3) allows for the direct determination of the effective free energy differences ∆F ∗
between NESS, which is not the Helmholtz free energy difference [57]. In order to determine
the Helmholtz free energy landscape ∆F from physically measurable quantities, we employ
a generalized Jarzynski equality, such that 〈e−βw〉 = e−β∆F , where w is the work required
to transition between states. Importantly, this relation is valid for relating both equilibrium
and nonequilibrium steady-states. Based on this consideration for work and the integrand
in equation (5.3), the work done on the system in transitioning between two NESS is given
as:
w = −∆〈χ〉+
∫ τ
0
dt f˙
∂χ(x; f)
∂f
. (5.4)
In this way, application of the generalized JE to the work expression above allows for the
direct determination of the Helmholtz free energy landscape of NESS.
The work definition presented in equation (5.4) is similar to those previously considered
for systems described by Hamiltonian dynamics [116]. Interestingly, it is clear from the
first term on the RHS of equation (5.4) that the system is required to “relax” to the new
steady-state in order to completely determine the work done due to the transition. We
note that this is in contrast with equilibrium states, where equilibration or relaxation of the
final steady-state is not required for the application of the JE. Furthermore, as an aside, we
note that redefining work through the JE may help to resolve discrepancies observed in the
application of the generalized JE to information-to-energy conversion systems [114].
We used this approach to investigate the Langevin dynamics of dilute polymer solutions
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in extensional flows. In particular, we consider the dynamics of single DNA molecules using
single molecule experiments and Brownian dynamics (BD) simulations of a coarse-grained
bead-spring model, where polymers are modeled as a series of beads (frictional drag centers)
connected by elastic springs [117, 6]. We treat and model DNA molecules as free-draining
chains, which is appropriate for this approach because the analytical form of the steady-state
distribution function is well-known and satisfies the condition for which equation (5.3) is valid
[74]. Furthermore, the potentials (U and χ) that contribute to the distribution are also well
established from theory and experiments [36, 74]. A major advantage of this approach is
that only knowledge of χ is required to determine the nonequilibrium Helmholtz free energy
landscape. In addition, this framework inherently addresses the stochastic thermodynamics
of nonequilibrium steady-states [102].
In order to determine the work and corresponding energies for flowing polymer solutions,
we determine χ from the configurational distribution function. For simplicity, we treat a
polymer molecule as two beads connected by massless springs (dumbbell model). In potential
flows, the distribution function for a dumbbell is given as
pness =
exp
[−βU (x) + 1
4
βζκ : xx
]
Zness
, (5.5)
where x is the end-to-end vector of a polymer chain, ζ is the drag coefficient of a bead, and κ
is the velocity gradient tensor that describes the imposed flow field. A planar extensional flow
consists of an axis of extension and an orthogonal axis of fluid compression. For this flow, the
potential χ = −1
4
˙ζ (x21 − x22), where 1 (2) represents the extensional (compressional) axis,
and ˙ is the strain rate. The fluid strain rate is non-dimensionalized by the polymer longest
relaxation time τR to define a dimensionless flow strength called the Weissenberg number
Wi = ˙τR. In this way, the system is defined as a single polymer in flow, and the flow rate
Wi is the external control parameter that defines the NESS of the system. Work is done on
the system when transitioning from WiA to WiB, where work is defined by equation (5.4)
with f ≡ Wi.
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5.1.3 Relationship between Helmholtz free energy and effective free energy
in potential flows
In order to derive the relationship between F and F ∗ in potential flows, we used the Shannon
entropy such that S = − ∫ dxpss log pss, and the steady-state average potential energy, 〈U〉 =∫
dxpssU . Using these definitions, pss for potential flows, and the fact that F = 〈U〉 − TS,
it is easy to show that F = F ∗ − 〈χ〉. We note that this relationship holds for any system
where the potential energy is not an explicit function of the control parameter.
5.1.4 Work analysis for single molecule data
In order to compute work from the experimental data, χ must be determined. In computing
χ, we used the imposed strain rate ˙, drag coefficient ζ, and the molecular stretch in the
extensional axis x1. ˙ was determined from particle image velocimetry and a steady-state
extension master curve for λ-DNA in an extensional flow. ζ was determined from the longest
polymer relaxation time τR, which was obtained from an exponential fit to decaying molecular
stretch trajectories following the cessation of flow. From simulations, it follows that τR =
0.9λH = 0.9ζβNb
2/12, where N = 159 is the number of Kuhn segments in the polymer, and
b = 132 nm is the Kuhn segment length. Based on this relationship, ζ can be computed
directly from τR. x1 was determined from epifluorescence microscopy. We use only x1 in our
analysis because beyond the coil-stretch transition (our region of interest) x1  x2.
5.2 Results and Discussion
5.2.1 Nonequilibrium thermodynamic quantities from work
Using a combination of BD simulations [38, 32] and single molecule experiments, we studied
the response of single DNA molecules to transitions between an initial WiA to a final WiB
at different transition rates (r = dWi/dt) in planar extensional flow (Figure 5.1). Numerical
simulations of single molecule and ensemble-averaged molecular trajectories for this process
are shown in Figure 5.1A, where the system (here, λ-DNA, 48.5 kbp) is transitioned from
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Wi = 1 to Wi = 1.5 at rates spanning two orders of magnitude. In all cases, the config-
uration of the system is allowed to reach steady-state at both initial and final conditions,
thereby satisfying the conditions for the generalized JE. The work required for this process is
calculated using equation (5.4), and the corresponding nonequilibrium work distributions for
different transition rates in Figure 5.1C. As expected, the work distribution for the slowest
rate (r = 0.005) yields the smallest average work and narrowest distribution. Next, we ap-
plied the generalized JE to determine the free energy change for this polymer solution under
flow. Remarkably, regardless of the irreversibility or energy losses at r = 0.05 and r = 0.5,
the generalized JE accurately yields the Helmholtz free energy change (∆F = 89.4 ± 0.1
kBT ) between Wi = 1 and Wi = 1.5. Using single molecule experimental data from epiflu-
orescence microscopy, we performed a similar analysis for λ-DNA transitioned in a planar
extensional flow from Wi = 0.64 to Wi = 1. at a rate of r = 0.38 (Figs. 5.1B & 5.1D). For
this transition, the application of the generalized JE yields a nonequilibrium Helmholtz free
energy change of ∆F = 62.1± 11.3 kBT .
For a given system at equilibrium, thermodynamic quantities of interest can include the
Helmholtz free energy F and the entropy S. For nonequilibrium steady-states, however,
other thermodynamic quantities emerge such as the effective free energy F ∗ and a flow en-
ergy −〈χ〉, which is well-defined for potential flows. We directly determined these thermody-
namic quantities for flowing solutions of dilute polymers, including the effective free energy,
the Helmholtz free energy, the flow energy, the average potential energy, and the entropy
for DNA in extensional flow (Figure 5.2). These quantities were determined by transition-
ing a polymer in flow between a series of nonequilibrium steady-states over a range of flow
strengths. Interestingly, this approach allows for determination of the entropy landscape
of flowing polymer systems, as shown in Figure 5.2D. Entropy S was calculated from the
relation F = 〈U〉−TS, where the average potential energy 〈U〉 is evaluated using the stored
elastic potential energy of the polymer 1. In addition, we report the nonequilibrium elasticity
of dsDNA in planar extensional flow as shown in Figure 5.2E. The nonequilibrium elasticity
1For λ-DNA described by the Marko-Siggia force-relation, βU(x, L, lp) =
Ll−1p
[
0.5 (x/L)
2 − 0.25 (x/L) + 0.25(1− x/L)−1
]
, where L is the contour length of the molecule, x is
the end-to-end distance, and lp is the persistence length.
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Figure 5.1: Nonequilibrium trajectories and work distributions for transitioning a single
λ-DNA molecule between WiA and WiB in planar extensional flow. (A) Numerical
simulation of transitions between Wi = 1 and Wi = 1.5. Individual trajectories (colored
lines) and ensemble-average (black line) of transient trajectories at different transition
rates: slow (left panel), intermediate (middle panel), and fast transition rate (right panel)
(B) Single molecule experiments of transitions between Wi = 0.64 and Wi = 1. Individual
trajectories (colored lines) and ensemble-average (black line) of transient trajectories (C)
Corresponding work distributions obtained from simulations in (A). (D) Work distribution
obtained from experiments in (B).
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Figure 5.2: Nonequilibrium thermodynamic quantities for λ-DNA in a planar extensional
flow from transitions using BD simulations and experiments. (A) effective free energy
landscape F ∗, (B) flow energy, −〈χ〉 (C) Helmholtz free energy landscape F ,(D) energetic
contributions about the coil-stretch transition including F, average potential energy, 〈U〉,
and nonequilibrium entropy (E) Nonequilibrium elasticity in planar extensional flow. The
reference state is zero flow under quiescent conditions (Wi = 0).
defined as ∂F
∂Wi
represents the change in the nonequilibrium Helmholtz free energy (total
energy in the system) with respect to the control parameter, Wi. All of the thermodynamic
landscapes reveal a transition near Wi ≈ 0.5, which is the location of the coil-stretch transi-
tion in extensional flow [74, 23, 9, 6]. Moreover, the entropic landscape reveals a peak near
the coil-stretch transition. We note that because entropy is a measure of disorder, the peak
is expected because the fluctuations in the system are at a maximum near the transition.
In addition, we observe that the entropic contribution to the Helmholtz free energy is in-
significant beyond the transition. In general, our results also demonstrate that regardless
of the transition rate of the process, work relations allow for accurate determination of the
nonequilibrium thermodynamic landscapes of flowing systems.
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5.2.2 Polymer relaxation time from effective free energy
Nonequilibrium thermodynamic landscapes provide a powerful platform for analyzing flow-
based systems. For example, de Gennes sketched the effective free energy of polymer chains
in flow to predict the existence of a conformational hysteresis in extensional flow [23]. Here,
using thermodynamic landscapes, we demonstrate a new approach to determine the longest
polymer relaxation time τR (Figure 5.3). For a linear dumbbell in extensional flow, kinetic
theory predicts that F ∗ = 1
2
β−1 ln [1− 4τ 2RPe2], where the bead Pecle´t number Pe = ˙ζ/4H
and H is the Hookean force constant. By analyzing the near equilibrium regime where
F ∗ > −β−1, which corresponds to Pe < 0.5 for a Hookean dumbbell, we determined τR
from the slope m such that τR =
√
m/2, as shown in Figure 5.3. We further generalized
our approach to multi-bead-spring models, and we determined τR for different polymer sizes
(Figure 5.3, inset) 2. The scaling relationship between the τR and chain size is in excellent
agreement with Rouse theory. In this way, we show that polymer relaxation time can be
determined using stretching trajectories in flow, whereas traditional approaches prescribe
determination of τR from an exponential fit to decaying molecular extension trajectories or
stress (in the linear regime) following the cessation of flow [74, 9, 6].
5.2.3 Nonequilibrium-equilibrium equivalence in polymeric systems
Finally, we consider the implications of this approach to ensemble equivalence, which is
a central concept in equilibrium thermodynamics. In the thermodynamic limit, it is well
known that optical tweezer-based polymer ‘pulling’ experiments carried out under different
conditions are identical. For example, the properties obtained under a constant-extension
protocol (canonical ensemble) are equivalent to those obtained under a constant-force pro-
tocol (Gibbs ensemble) [118]. Here, we explore the possibility of an ensemble equivalence
between a nonequilibrium steady-state and an equilibrium steady-state in polymeric systems.
To illustrate, consider the two different systems in the inset of Figure 5.4, where the upper
panel involves an ESS and the lower panel a NESS. For the ESS, a polymer molecule held
2For freely draining multi-bead-spring chains, χ = − ζ2κ :
∑
i
∑
j Cijxixj , where Cij is the Kramer’s
matrix and i and j represent the indices of the connector vectors.
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Nonequilibrium Helmholtz free energy landscape for DNA in flow determined from work
relations, overplotted with stored elastic energy determined by integrating the
Marko-Siggia force-relation. (Inset) Schematic of a polymer molecule held at a fixed
extension λ at an equilibrium steady-state (top) and held at a constant flow rate Wi at a
nonequilibrium steady-state (bottom).
at a constant extension λ with a corresponding equilibrium Helmholtz free energy Fess (λ).
For the NESS, a polymer molecule is held at a constant flow strength Wi in an extensional
flow with a corresponding nonequilibrium Helmholtz free energy Fness (Wi). Here, we define
an equivalence such that the properties of an equilibrium constant extension experiment can
be determined from a nonequilibrium experiment at a constant flow strength. Using this
approach, we observe the existence of an equilibrium-nonequilibrium equivalence between
constant extension and constant flow scenarios in single molecule polymer systems (Fig-
ure 5.4). In particular, we find that the Helmholtz free energy at a constant extension is
equal to the Helmholtz free energy at a constant flow where the average molecular extension
matches the constant extension, that is Fess (λ) = Fness (〈λ〉) = Fness (Wi). Using this equiv-
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alence and recasting Fness as a function of extension, we determine exactly the equilibrium
stored elastic energy in the polymer as shown in Figure 5.4. Therefore, our findings allow for
the determination of equilibrium properties (stored elastic energy, and therefore elasticity)
from nonequilibrium thermodynamic properties in flowing systems.
5.3 Conclusion
In this article, we report the determination of nonequilibrium thermodynamic landscapes
for dilute polymer systems in flow. Whereas previous studies have focused on the analysis of
nonequilibrium thermodynamic potentials using steady-state properties [109, 111, 106], our
approach utilizes work relations to determine thermodynamic properties based on measur-
able experimental quantities such as work. Here, the ability to determine the thermodynamic
properties of flowing systems from work enables new routes for fundamental analysis of soft
condensed matter systems. We used this general approach to calculate the longest polymer
relaxation time τR, which is a key property of elastic materials traditionally determined from
stress relaxation experiments. The determination of entropic landscapes remains central to
developing a thermodynamic framework for a broad class of systems, including granular
systems [119]. In this work, we further report the direct determination of the entropy S of
flowing polymeric systems, which may prove useful in developing optimized conditions for
materials processing with minimal energy losses. In this way, the determination of thermo-
dynamic quantities could ultimately allow for a more fundamental route in the design of
polymer processes such as flow-induced crystallization and stress-induced phase separation
[106, 120].
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CHAPTER 6
VISCOELASTIC HYSTERESIS AND CROOKS
FLUCTUATION THEOREM IN SINGLE POLYMER
DYNAMICS
6.1 Introduction
History dependent phenomena or hysteresis has intrigued scientists for centuries. Funda-
mentally, this phenomena has been well-studied in the context of equilibrium systems. In
addition, many technological applications such as magnetic tapes or hard-disks have emerged
from utilizing the memory associated with hysteresis. Under nonequilibrium conditions or
steady-states, hysteresis remains an active area of research. In particular, nonequilibrium
history dependent phenomena can play a key role in understanding and designing memory
based polymeric materials.
Polymeric materials display both viscous and elastic behavior when deformed under nonequi-
librium conditions. In bulk systems, this viscoelastic response is a possible source of memory
or history-dependence in polymer solutions. For example, the distinct behavior of first nor-
mal stress differences in shear flow suggests the existence of interesting stress-strain hysteresis
loops in polymer melts [121]. In particular, at low flow strengths, the first normal stress
difference is a constant, while at higher flow strengths, the first normal stress difference
decreases with increasing flow strength. Based on these properties of the first normal stress
difference and the range of applied flow strengths, a broad range of hysteresis loops was
revealed using bulk rheology characterization of polymeric melts in time-dependent shear
flows [122]. In addition to prediction and observation of a viscoelastic hysteresis in shear
flows, a conformational hysteresis was predicted to exist in dilute polymer solutions under
Portions of this chapter are in preparation for publication elsewhere.
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an imposed extensional flow [23]. Interestingly, in this scenario, the history dependence
is due to the coupling between hydrodynamic interactions (HI) and the viscoelastic defor-
mation of the polymer molecules. Using single molecule rheology characterization of long
flourescently labeled DNA molecules and numerical calculations, this form of hysteresis was
observed in for dilute polymer solutions in a planar extensional flow [9, 123]. In this re-
alization, a polymer molecule persists in a kinetically “trapped” state depending on initial
condition of the polymer and the range of the imposed flow strength. In particular, over a
narrow range of flow strengths, the polymer molecules remains coiled if initialized in a coiled
configuration, and remains stretched if initialized in a strongly stretched configuration. This
form of hysteresis is observable for long flexible polymer chains in dilute conditions where
HI is important. In addition, the time to reach steady-state in the hysteresis window is
significantly longer than the observation time. However, this form of hysteresis in exten-
sional flow is limited in that it requires long flexible polymer molecules [123], therefore it
is not observable for λ-DNA. In addition, the hysteresis of this kind is limited to the flow
strengths near the coil-stretch transition [68], is not rate-dependent, and therefore does not
allow for the determination of fundamental nonequilibrium thermodynamic quantities from
work [9, 124]. Here, we present a framework with a form of hysteresis that is rate-dependent
and observable over a broad range of flow strengths. Importantly, we also develop and utilize
this framework in the context of fluctuation theorems [27, 112, 125, 62]. In particular, we
apply Crooks fluctuation theorem to the field of single polymer rheology. In this way, we
recover nonequilibrium Helmholtz free energy differences between nonequilibrium steady-
states (NESS) from work distributions obtained from transitions that occur in the forward
and reverse directions. Taken together, this method of analysis provides a fundamental route
for the thermodynamic characterization soft matter systems under flow.
6.2 Theory
In general, fluctuation theorems (FTs) refers to a class of identities that describes the prob-
ability distribution of thermodynamic quantities such as work, heat or entropy change along
stochastic trajectories [112]. Amongst the FTs, Crooks fluctuation theorem (CFT) is of
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fundamental and practical significance. In particular, the original statement of CFT allows
for the free energy difference between two states (A and B) to be determined solely from
work distributions obtained from repeated forward processes (A→ B) and repeated reverse
processes (B → A) provided that the states are initialized at equilibrium. More formally,
CFT is given as:
p (w)
p (−w) = exp
(
w −∆F
kBT
)
, (6.1)
where p (w) and p (−w) are the probability distribution of the work done w in the forward and
reverse process respectively, kB is the Boltzmann’s constant, T is the absolute temperature,
and ∆F is the Helmholtz free energy change between states A and B [27]. In practice,
CFT has been utilized in biomolecular systems to obtain equilibrium free energy differences
[89]. Using CFT, the free energy difference between states ∆F is determined where p (w) =
p (−w) or exactly where the forward and reverse work distributions intersect. Based on
theory and numerical calculations, it is well established that CFT holds for equilibrium
and nonequilibrium states [112, 30]. However, there is little to no progress in utilizing
CFT for the free energy recovery of NESS. Here, by investigating viscoelastic hysteresis in
planar extensional flows, we demonstrate that CFT can be used for the determination of
nonequilibrium free energy differences. In this way, CFT opens up new directions in the
field of single polymer rheology.
To provide a valid and rigorous platform to study viscoelastic hysteresis in the context
of CFT, the appropriate control parameters and protocol must be specified. CFT requires
that the initial and final states be fully-relaxed steady-states. In addition, the protocol for
control parameter λ (t), which defines the state of the system, must be time symmetric. In
this work, our system is a single DNA molecule in a planar extensional flow, and our control
parameter is the applied strain-rate. Based on our system and the requirements for CFT, we
investigate the the behavior of single polymers in response to the strain-rate protocol shown
in Figure 6.1. First, we impose an initial strain-rate ˙1, and allow the system to relax to
reach to the new initial steady-state. Next, we transition the strain-rate to a final strain-rate
˙2 at a finite rate ¨. When ˙2 is reached, we maintain this final strain-rate to allow the system
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Figure 6.1: All Amplitude Oscillatory Extension (AAOE) protocol. (a) Time trajectory of
the AAOE protocol (b) AAOE protocol using a closed loop representation.
relax to the new steady-state. Next, we transition the imposed strain-rate back to the initial
strain-rate ˙1 at a finite rate −¨, and then repeat the entire process initialized from ˙1. Using
this approach, we establish an “All Amplitude Oscillatory Extension (AAOE)” protocol that
allows for the direct determination of thermodynamic landscapes from forward and reverse
work distributions.
6.3 Results and Discussion
On the basis of CFT, we begin by exploring the existence of a rate-dependent hysteresis in
single polymer rheology. We consider λ-DNA (contour length, L=21 µm) molecules mod-
eled as free-draining polymer dumbbells in a planar extensional flow over a range of flow
strengths using BD simulations [38]. In particular, we analyze chain conformations during
transitions in the flow strength that occur in 3 distinct scenarios: (i) above, (ii) below,
and (iii) across the coil-stretch transition (Wi = 0.5). The coil-stretch transition refers to
the critical flow strength where the polymer chain transitions from coiled conformations
to strongly stretched conformations. Above the coil-stretch transition, the AAOE protocol
reveals a strong rate-dependent behavior as observed in the trajectories of the ensemble-
average fractional extension of the polymer as shown in Figure 6.2. We find that for slowly
varying transitions (Figure 6.2a), the average fractional extension is independent of direc-
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Figure 6.2: Rate-dependent stretch/viscoelastic loops above the coil-stretch transition.
The trajectories correspond to ensemble-average fractional extension during transitions
from Wi = 1 to Wi = 2 following AAOE protocol at different transition rates. (a) slow
rate, dWi/dt = 0.005 (b) medium rate, dWi/dt = 0.05 (c) fast rate, dWi/dt = 0.5.
tionality or forward/reverse paths. This suggests that at this rate, dWi/dt = 0.005, the
system responds in a “quasi-static” manner. At higher transition rates (Figure 6.2b and
Figure 6.2c), we observe signatures of rate-dependent hysteresis in the average fractional ex-
tension. In this way, the viscoelastic hysteresis loops at these rates suggests the existence of
dissipation in the context of thermodynamics of nonequilibrium steady-states. In addition,
we observe that above the coil-stretch transition there is a larger loop in the average fraction
extension at lower flow strength (Wi = 1) than at higher flow strengths (Wi = 2). Based on
our observation, we define two new quantities, a “coil-lag”, ∆1, and a “stretch-lag”, ∆2. The
coil-lag refers to the maximum difference between the forward and reverse average fractional
extensions at the lower flow strength, and the stretch-lag refers to the maximum difference
between the forward and reverse average fractional extensions at the higher flow strength.
Based on these quantities, it is clear that above the coil-stretch transition, that ∆1 ≥ ∆2
(Figure 6.3). We note that under “quasi-static” conditions, ∆1 = ∆2 = 0.
To further illustrate rate-dependent viscoelastic hysteresis in single polymer dynamics, we
explore the two other distinct scenarios with respect to the coil-stretch transition. Figure 6.4
shows the average fractional extension of the polymer following the AAOE protocol below
the coil-stretch transition from Wi = 0.2 to Wi = 0.4. Here again, we observe a strong rate-
dependent hysteresis of the ensemble-average polymer conformation, where the loops become
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Figure 6.3: Coil-lag and stretch-lag above the coil-stretch transition at different transition
rates (a) slow rate, dWi/dt = 0.005 (b) medium rate, dWi/dt = 0.05 (c) fast rate,
dWi/dt = 0.5.
larger as the transition rates are increased (Figure 6.4b and Figure 6.4c). Interestingly,
below the coil-stretch transition, we observe a different behavior in the coil- and stretch-
lag when compared with our observations above the coil-stretch transition. In particular,
we find that below the coil-stretch transition, ∆1 ≤ ∆2. Here again, the equality holds
under quasi-static conditions. This behavior suggests that in this regime, the coiled state
is the preferred state, as the nonequilibrium dissipation is minimal in coiled conformation
regions of the loop. This is in contrast to the situation observed above the coil-stretch
transition, where the stretched state is preferred, and the nonequilibrium dissipation is
minimal in the stretched conformation regions of the loop. In this way, we note that the
behavior of the viscoelastic coil- and stretch-lag serves as a new measure to reveal the quasi-
static nature of the transitions and the location of the coil-stretch transition. In the third
scenario, we investigate the viscoelastic response of single polymer molecules to transitions
occurring across the coil-stretch transition (Figure 6.5). Here again, we observe a strong
rate-dependent hysteresis of the ensemble-average polymer conformation which increases as
the transition rate is increased. Importantly, across the coil-stretch transition, we observe
that the hysteresis loops are more pronounced than in previous scenarios and a significantly
slower rate is required to observe a near quasi-static response (Figure 6.5a). This is not
surprising, as it is well-known that the fluctuations, and hence dissipation, grow as you
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Figure 6.4: Rate-dependent stretch/viscoelastic loops below the coil-stretch transition.
The trajectories correspond to ensemble-average fractional extension during transitions
from Wi = 0.2 to Wi = 0.4 following AAOE protocol at different transition rates. (a) slow
rate, dWi/dt = 0.001 (b) medium rate, dWi/dt = 0.01 (c) fast rate, dWi/dt = 0.1.
approach the coil-stretch transition [124]. Interestingly, across the coil-stretch transition, we
expect that the relationship between ∆1 and ∆2, to be dependent on the relative strength of
the initial and final Wi. Furthermore, this is expected because of the different behaviors of
∆1 and ∆2 below and above the coil-stretch transition. As a result, the behavior of coil- and
stretch-lag across the coil-stretch transition must therefore interpolate between their distinct
behavior below and above coil-stretch transition. On the basis of these considerations, we
summarize the behavior of the coil-lag and stretch-lag in different regimes in Table 6.1.
Overall, we highlight that we show the existence of viscoelastic hysteresis for free-draining
model of single polymer molecules in a planar extensional flow over a broad range of flow
conditions. This result is in striking contrast to previous studies that require the inclusion
of hydrodynamic interactions and a narrow range of flow conditions to observe history-
dependent behavior.
Table 6.1: Properties of coil-lag, ∆1, and stretch-lag, ∆2
Location lag property Wi dependence
Above coil-stretch transition ∆2 ≤ ∆1 no
Below coil-stretch transition ∆2 ≥ ∆1 no
Across coil-stretch transition varies yes
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Figure 6.5: Rate-dependent stretch/viscoelastic loops across the coil-stretch transition.
The trajectories correspond to ensemble-average fractional extension during transitions
from Wi = 0.45 to Wi = 0.55 following AAOE protocol at different transition rates. (a)
slow rate, dWi/dt = 0.0005 (b) medium rate, dWi/dt = 0.005 (c) fast rate, dWi/dt = 0.05.
In the context of fluctuation theorems and stochastic thermodynamics, the AAOE pro-
tocol allows for the direct determination of nonequilibrium thermodynamic quantities from
forward and reverse work distributions. In this chapter, we utilize a work definition that
allows for the determination of the nonequilibrium effective free energy from fluctuation
theorems. The corresponding work definition for a dumbbell model of a polymer in planar
extensional flow is given as:
w = −
∫ τ
0
1
τR
dt
dWi
dt
(
x21 − x22
)
(6.2)
where Wi is the Weissenberg number, x represents the connector end-to-end vector, and the
additional subscripts 1 and 2 represents chain orientation in the extensional and compres-
sional axes respectively. Based on Equation 6.2, we calculated the work done due to forward
transitions of the imposed flow on single polymer molecules corresponding in moving along
point b to point c in Figure 6.1a. Next, we calculated the work done due to time-symmetric
reverse transitions of the imposed flow on the molecules corresponding to moving along point
d to point e in Figure 6.1a. We note that in all cases, the system is allowed to reach steady-
state before inducing changes in the flow strength (a→ b and c→ d in Figure 6.1b), which
satisfies a crucial requirement for applying CFT. Using this approach, we determined the
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forward and reverse work distributions for the transitions of dumbbell models of individual
λ-DNA molecules in Figure 6.2. The work distributions display a strong rate dependence as
shown in Figure 6.6. At the slowest rate or “quasi-static” condition, the work distributions
are narrow and the work values are within ±2kBT of the average work (Figure 6.6a). In addi-
tion, we find that at this rate, the average work done in the forward and backward directions
are approximately equal, 〈w〉 ≈ −266kBT (Figure 6.6a). This provides an estimate of the
effective free energy difference, ∆F ∗ between the nonequilibrium steady-states Wi = 1 and
Wi = 2 from measurable quantities in flow. In addition, by applying CFT which corresponds
to choosing the work value where the forward and reverse work distributions intersect, we
find that ∆F ∗ = −265.8kBT . We note that our nonequilibrium demonstration of CFT al-
lows for the direct determination of the effective free energy F ∗ and not the nonequilibrium
Helmholtz free energy F . This is in contrast with the equilibrium demonstration CFT which
allows for determination of the equilibrium Helmholtz free energy. However, we note that
the nonequilibrium CFT can be easily cast in a form that allows for the direct determination
of F by noting that F = F ∗ − 〈χ〉, where χ is a flow energy that drives the systems out of
equilibrium.
To further demonstrate CFT for nonequilibrium steady-states in single polymer rheology,
we consider transition rates that display strong irreversibility as revealed by the viscoelastic
hysteresis loops in Figure 6.2. At medium and fast rates, we observe a broadening in the
forward and reverse work distributions as shown in Figure 6.6b and Figure 6.6c. In addition,
we find that the average of the forward work distributions and the average of the backward
work distributions differ at these rates, which further indicates that the transitions are
no longer “quasi-static”. However, in principle, CFT holds regardless of the irreversibility
during transitions. Indeed, we find that we are able to extract the effective free energy
difference between the two states (Wi = 1 and Wi = 2) to within 1kBT despite the two
orders of magnitude difference in transition rates. In particular, we find that CFT remarkably
predicts ∆F ∗ = −265.9kBT at the medium rate, and ∆F ∗ = −266.4kBT at the fast rate.
This is in excellent agreement with the results obtained from the quasi-static transitions. In
this way, we demonstrate that CFT is applicable in the free energy recovery of nonequilibrium
steady-states.
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Figure 6.6: Forward and reverse work distributions for Crooks fluctuation theorem in
single polymer dynamics. The work distributions display a strong dependence on transition
rate. (a) slow rate, dWi/dt = 0.005 (b) medium rate, dWi/dt = 0.05 (c) fast rate,
dWi/dt = 0.5.
6.4 Conclusion
In this work, we explore the existence of a rate-dependent stretch/viscoelastic hysteresis in
single polymer rheology. We present an all amplitude oscillatory extension (AAOE) proto-
col that allows for probing viscoelastic hysteresis and applying Crooks fluctuation theorem
to polymer molecule in planar extensional flow. We first show that viscoelastic hysteresis
depends strongly on the rate at which the imposed flow-strength is changed. Based on the
response of the polymer molecule, we introduce two new quantities, coil-lag and stretch-lag
that describe the behavior of polymer solutions below and above the coil-stretch transition.
Finally, we use work calculations based on the AAOE protocol to perform a true nonequilib-
rium free energy recovery using CFT. Although, recent work has attempted to utilize CFT
to recover free energies in flowing systems[126], the nature of the validity of free energies is
debatable as the system dynamics do not include thermal fluctuations. This work signifi-
cantly overcomes this challenge, as all the thermodynamic quantities recovered by CFT are
rigorously defined in the context of statistical mechanics.
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CHAPTER 7
CONCLUSIONS
The application of nonequilibrium work relations and fluctuation theorems to single polymer
rheology opens up new directions in analyzing soft matter systems. First, we apply the equi-
librium statement of the Jarzynski equality (JE) to single polymer dynamics in vorticity-free
flows using computer simulations and single molecule experiments. In this way, the JE allows
for the determination of the pure solid-like behavior or equilibrium elasticity of a polymer
chain from work measurements in hydrodynamic flows. Here, we note that this application of
JE relies on the solid foundation established by nonequilibrium statistical mechanics and the
fact that the equality holds regardless of dissipation and without relaxing to an equilibrium
steady-state. Next, we apply the equilibrium statement of the JE to more general flows that
include vorticity as in shear flows, and to conditions where intramolecular hydrodynamic
interactions are important. Here again, we find that we are able to successfully recover the
equilibrium free energies and corresponding equilibrium elasticity of single polymer chains
in more complex flows. Surprisingly, we find that under conditions of intramolecular hydro-
dynamic interactions, the consistent thermodynamic work definition for deforming polymers
in flow is prescribed by the unperturbed fluid velocity. In addition to determining elasticity
from work, we find that the average equilibrium Jarzynski work-rate, as determined through
the housekeeping power, is directly related to bulk stress and viscosity. We also investigate
the relationship between housekeeping power, stress, and polymer chain size, and find that
our results are consistent with predictions from scaling arguments. Interestingly, in this
way, the equilibrium Jarzynski work is fundamentally related to key rheological phenomena
far-from-equilibrium.
Beyond utilizing work relations to extract equilibrium properties, we develop and apply
a generalized Jarzynski equality (gJE) and generalized Crooks fluctuation theorem (CFT)
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to determine nonequilibrium thermodynamic properties of flowing polymer solutions. Us-
ing this approach, we recover nonequilibrium Helmholtz free energy, effective free energy,
flow energy and entropy of free-draining polymer solutions in a planar extensional flow. In
addition, we show that the nonequilibrium effective free energy determined from stretch-
ing trajectories is directly related to the longest polymer relaxation time determined from
relaxation trajectories. Furthermore, based on our framework, we explore the possibility
of a thermodynamic equivalence between the nonequilibrium Helmholtz free energy at a
fixed flow strength and the equilibrium Helmholtz free energy at a fixed stretch in polymeric
systems. This exploration is of fundamental and practical importance in that it allows for
determination of system properties from either an equilibrium or nonequilibrium ensem-
ble. Furthermore, in the context of CFT, we propose a flow strength protocol known as
the “All Amplitude Oscillatory Extension (AAOE)” which allows for the investigation of
rate-dependent viscoelastic hysteresis and the determination of nonequilibrium effective free
energies. In addition, we define two new quantities known as the coil- and stretch-lag which
allow for the determination of the coil-stretch transition in planar extensional flows.
In the context of work relations and fluctuation theorems, single polymer rheology is a
model system to experimentally or computationally test or verify thermodynamic identities,
especially for theorems that consider nonequilibrium steady-states. In addition, the crucial
link between thermodynamics and information can be further explored by carefully coupling
feedback control to rheology. In the context of soft matter dynamics, FTs and WRs allow
for the determination of equilibrium and nonequilibrium thermodynamic properties which
are crucial for processes that are governed by thermodynamics and rheology as observed in
flow-induced crystallization and stress-induced separation. Overall, work relations presents
a powerful tool to analyze and study soft condensed matter flowing systems.
7.1 Future Work
As with any study of this kind, new directions and a plethora of research questions remain
open. For example, it will be interesting to apply work relations to polymeric systems with
different architectures beyond linear chains. In addition, it will be valuable to apply the
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equilibrium statement of the Jarzynski equality to bead-rod models of polymer chains. In
the context of nonequilibrium thermodynamics, it will be of great significance to apply the
generalized Jarzynski equality and generalized Crooks fluctuation theorem to long polymer
chains with intramolecular hydrodynamic interactions. In principle, this approach may
reveal the nonequilibrium thermodynamic landscape de Gennes qualitatively used to predict
a rate-independent conformational hysteresis of coil-stretch transition in extensional flows.
Beyond polymeric systems, it would be of significant interest to apply work relations to
systems where enthalpic effects are important. For example, generalized work relations may
be applied to protein systems where hydrophobic and hydrophilic effects are crucial. In this
way, this thesis and work relations may open new directions to understand structure-function
relationships of biological systems.
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APPENDIX A
SUPPORTING INFORMATION FOR
DETERMINING ELASTICITY FROM SINGLE
POLYMER DYNAMICS
A.1 Supplementary text
A.1.1 Derivation for rate of work
In order to calculate the work done by the fluid on stretching a polymer molecule, the
rate of work needs to be determined. Considering the hydrodynamic drag on a polymer
chain, there are two “limits” or stretching regimes for a polymer stretching in flow [33].
In the coiled conformation (or Zimm regime), the chain behaves as a random coil with a
constant drag coefficient ζ [68]. Zimm theory is applicable in this regime as suggested by
experimental diffusion data for single DNA molecules of comparable size [5]. The second
regime is the stretched state of a polymer chain, where a polymer chain behaves as a slender
body with a drag coefficient that increases approximately linearly with chain extension.
Several prior publications have confirmed that slender body theory is reasonably applicable
for polymers stretched in extensional flow, where a chain extends along the extensional flow
axis an the flow has zero vorticity [49, 33]. In this regime, we invoke slender body relation for
hydrodynamic drag by analyzing single molecule images of DNA molecules stretched in flow,
which allows for calculation of the projected chain extension in flow. Using this approach,
we determined the work rate as a function of chain extension.
Coiled conformation (Zimm regime)
Here, we treat the polymer molecule as sphere of size Rg, where Rg is the radius of gyration
of the molecule, with a constant drag coefficient ζ. The drag force on the molecule is then
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given by Fdrag = ζu, where u is the unperturbed fluid velocity. In a planar extensional flow,
the unperturbed fluid velocity is given as u = ˙[x,−y] in cartesian coordinates, where ˙ is
the applied strain rate. For convenience, we switch to spherical coordinates such that u =
˙Rg sin θ[cosφ,− sinφ]. Using this coordinate, the work rate w˙ for the sphere is then given
by
∫
dΩu · Fdrag, where the integral is over the the differential solid angle dΩ = sin θdθdφ.
Based on this analysis, the work rate for the sphere is:
w˙ =
∫ 2pi
φ=0
∫ pi
θ=0
ζ˙2R2g sin
3 θdθdφ =
8
3
piζ˙2R2g. (A.1)
For the purpose of experimental analysis, we express the work rate in terms of end-to-end
extension x (obtained from single molecule measurements) by using the fact that Rg = x/
√
6
for linear chains. Therefore, the work rate w˙ = 4
9
piζ˙2x2.
Stretched conformation (slender body regime)
Here, we treat the polymer molecule as slender body of length x and diameter d, where x is
the end-to-end extension of the molecule and d is the molecular diameter of DNA = 2nm.
Slender body theory predicts that the drag force on a body suspended in a fluid in uniform
flow at the velocity u is given as F drag = 2piηsx
ln(x/d)
u, where ηs is the solvent viscosity. Therefore,
for a slender body in a planar extensional flow, the drag force on a differential element ds
of a slender body dF drag = 2piηs˙sds
ln(x/d)
[69]. Furthermore, the work rate is given by
∫
udF drag.
Using this approach, the work rate for a slender body is:
w˙ =
∫ x
2
s=−x
2
2piηs˙
2s2
ln(x/d)
ds =
1
6
piηs˙
2 x
3
ln(x/d)
. (A.2)
The work done by the fluid on the molecule is then determined by integrating the work rate
from time zero (at zero flow) to the time required to reach a final extension.
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Transition between regimes
The transition between the Zimm regime and the slender body regime is determined by
finding the extension at which the work rates in the coiled and stretched configurations
are equal. Specifically, the crossover extension corresponds to the chain extension where
Equations (A.1) and (A.2) are equal. From our analysis, the crossover extension depends
only on ζ and is found to be ≈ 8 µm for the parameters used in this study, which is in good
agreement with large-scale Brownian dynamics simulations with multi-body hydrodynamic
interactions [33].
A.1.2 Free energy calculations and model discretization
To further validate our new framework, we studied the effect of model discretization on free
energy calculations using the JE for polymeric systems driven by external flows. We per-
formed a systematic study of the effect of coarse graining on JE calculations for mesoscopic
bead-spring chains commonly used in BD simulations of polymers. We modeled λ-DNA
with varying levels of discretization while maintaining the contour length L of the chain
constant. Work distributions for each level of discretization and the corresponding free en-
ergy landscape obtained via JE are shown in Fig. A.3. Importantly, we observed that the JE
yields accurate results for mesoscopic models of polymers (within a few kBT ), independent
of the level of discretization for models ranging from a simple dumbbell to multi-bead spring
chains. We found that finer levels of discretization allowed for the use of fewer molecules in
an ensemble (up to an order of magnitude less) required to obtain the free energy landscape,
whereas higher levels of discretization allow for more coarse stratification schemes
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A.2 Supplementary figures
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Figure A.1: Convergence of Jarzynski equality in estimating free energy change as a
function of number of molecules N used in ensemble for λ−DNA (contour length ≈ 21
µm) in extensional flow, where the polymer is modeled as a single mode dumbbell.
Polymers are stretched from fractional extension of ≈ 0.32 to 0.38. The horizontal line
represents analytical estimate from integrating the Marko-Siggia force relation.
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Figure A.2: Application of the nonequilibrium framework to experimental data on
polymer stretching dynamics in extensional flow. (a) Individual (light) and ensemble
average (dark) stretching trajectories of 7-λ-DNA molecules in extensional flow at
Wi = 0.98. (b) Molecular free energy landscape determined from applying JE to
experimental stretching trajectories. Solid line is the integrated Marko-Siggia (IMS)
relation with contour length as fitting parameter. (Inset) Average dissipated work as a
function of molecular extension. Data shown are mean values ± SD.
100
 0
 10
 20
 30
 40
 50
 60
 0  0.25  0.5
Fr
ee
 e
ne
rg
y 
(k B
T)
Fractional extension
IMS
Nb =  2Nb =  6Nb = 10Nb = 20
 0
 20
 40
 60
 80
 100
 120
 140
0 100 200
Co
un
t
Work (kBT)
Nb =   6
Nb =   10
Nb =   20
Figure A.3: Free energy landscape of λ-DNA determined by applying the JE with varying
levels of chain discretization Nb = 6, 10, 20. IMS: integrated Marko-Siggia relation. Mean
± SD of free energy landscape are shown for finer levels of discretizations. (Inset) Work
distributions for varying levels of coarse-graining for λ-DNA in extensional flow.
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